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�Ýì�â èfÜÚÐ�è�Þ6Í	ì�Ð�Ö í «Í�æ�Î�ÛHÍ�Í�Ñ ,�P�I 9 }WÒÓìHÍ�Þ6Û Ð���Î�Ð4ÏuÏ�Í7�ÚÍ�Î(Ö�âÝÎ(ÜÚÐ4Ö(Û��[Í�èWÖoÞ6æçÑ Ë�ËmæçÑ èWÖ�ÛHÖ�â¦«ÍuÞ6Í	Ö�Î(æçÛ�èf�ÝÎ�æ��ÚÐ��
�`Ð�Ö�Í�âÝÎþè�Þ6ÍuÞ6Û�q7â èWÛ�æ�Ñ��`âÝÛ&�`æçÑ]Ö*Î�Í�èr�ÚÍ�ËmÖ�Ûk�`Í�Ï�ÍÑ6Ö�Þ]Í����« > ÓÐ �· « > ÒC���« xAÓÐ �· « x>Í�ÖoÞ6Í �· ª ÓÐ=���ª ÒÕËmæçÑ�ÑÝÍ�ËmÖ�«Í�è
Í�Ñ]Ö�Î�Í�Í�â�¸§ÓÐ ì[¼ØÐ4Û�Þ]Í�Þ�¼ â�Ñ"�`Í�Î�Ö�Í,¸ ÑÝæ�ÑêìHÛ�Ñ¦«Í�Ð�Û�Î(Í)�`âÝÍ�ÑÝæçâ è�Ð����ÚÍ�ì�Í�Î(æçÑÚè2¿ u É1ÈvÍh�`Í�Î�Ö�Í,¸ ÑÝæ�ÑêìHÛ�Ñ¦«Í�Ð�Û�Î(Í
Í�èWÖ$Ëmæ�ÑÚèWÖ(Û�Ö�â¦«Í�Þ]Í�ËÛ�Ñ|���!æ�ÑÚËmÖ(Û�æçÑ è/Þ6Í�á�Î�Í�Í�Ñ©f4]�Í�Ö[ÛHìÓËmæ�Ñ6Ö(Û�Í�Ñ]Ö�«Í��&Ð4ì�Í�Ï�Í�Ñ]Ö�ì�¼ ÛHÑ6Ö(Í�Î�Ð�ËmÖ�ÛHæçÑ	ÑÝæçÑîìHÛ�Ñ¦«Í�Ð�Û�Î(Í
ì�æ]Ë�Ð�ì�Û è=«Í�Í�Ð�â)�ÚæçÛ�Ñ]Ö �· ÉI6/æçÖ(æçÑÚèxÁ û����« > "_���« x¹._���ª üÕìHÍ�Þ6Û�Ð��çÎ�Ð�Ï�Ï�Í±ÑÝæçÑuÐ4Ö(Ö�ÐçË í «Í`Ò`Î(Í��ÝÎ�«Í�èWÍ�Ñ]Ö�«ÍFÖ|�çâÝÎ(ÍÎ,�É ��É ÈvÍ
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!>Ð4Ñ è/ËmÍ�Ö�Ö�ÍX�!æçÎ(Ï�â�ì�Í`Òw}ÓÍ�è"Ö1ì�Í�ì�ÛHÜÝÎ�Ív�ÚÐ�Î�Ëmæ�âÝÎ�è[Ï�æ�ã`Í�Ñ	Ð����ÚÐ4ÎþÐ4Û�è(è�Ð�Ñ6Ö�ÞÝÐ�ÑÚè[ì[¼ Í,¸=�ÝÎ(Í�è�è"Û�æ�Ñ�Þ6Í$ì�Ð;�!æ�ÑÚËmÖ(Û�æçÑ
Þ6Í�á�Î(Í�Í�Ñîû�,çÉ �`ü�É
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Þ2«Í��ÚÍ�ÑÚÞ�Ð4ÑÚËmÍ�è�Ö(Í�Ï)�ÚæçÎ(Í�ì�ìHÍ�èvÞ6Í�è[æçÑÚÞ6Í�è/Ëmæ�ÑÚèWÛ Þ2«Í�Î�«Í�Í�èmÉ|�ÚÍ�Ë í Ð4ÏW�±«Í�ì�Í�ËmÖ�Î(Û>�`âÝÍQ�¨û��� "OÌ�üvÍ�è"Ö�Þ6æçÑÚËoèWæ�ì�âÝÖ(Û�æçÑ
Þ6Í`ý �� x ��û��� "OÌ�ü 3 �� x�Í
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Í Ì x û��� "OÌ�ü)�� vû��� ü���Î 9 à&x Í x � x

Í Ì x û��� "OÌ�ü#6 ûJ,çÉÏ,��`ü
ÓÊ ì�¼ æ�Î�Þ6Î(ÍA�Í�Ñ�à&x�Ò7æ�Ñ Ë í Í�ÎþË í Í�ì�Ð�è"æçì�â�Ö�Û�æ�Ñ èWæ�âÚèfì ÐW�!æ�Î�Ï�Í¨Þ�¼ â�ÑÝÍ�æçÑÚÞ]Í�Ï�æ�ÑÝæ]Ë í Î�æ�Ï�Ð4Ö(Û>�`âÝÍ�Þ6Í7�!Î�«Í��
�Uâ�Í�ÑÚËmÍ-��ý �¨û��� "OÌ�ü)�!�H8K9<;] û��� ü g i ]�Ï � �¹� 6 ûJ,çÉÏ,���ü
�ÚÍ�Ë í Ð4ÏW�~� 8K9O;] û��� üvÍ�èWÖ�ÜÝÛ�Í�Ñ�è�ÔâÝÎ*èWæ�ì�âÝÖ(Û�æ�Ñ Þ]Ífì�¼8«Í��`âÚÐ�Ö�Û�æ�Ñ,Þ�¼ æ�ÑÚÞ6Í*ì�ÛHÑX«Í�Ð4ÛHÎ�Í`ý�� x � 8:9<;] û��� ü��JI x9 � � 8K9<;] û��� ü��! vû��� ü#6 ûJ,çÉÏ,��`ü
Ê/â��ÝÎ(Í�Ï�Û�Í�Î1æçÎþÞ6Î�Í�Í�Ñ�à x Ò�ìHÍ	Ëmæçâ���ì�Ð���Í�ÑÝæçÑîìHÛ�Ñ¦«Í�Ð4Û�Î(Íe�UâÚÐ�Þ6Î�Ð�Ö�Ût�UâÝÍ	Þ]Í�è/æçÑ Þ6Í�è_��Ð���«Í�ÑX«Í�Î(Í�Î/â�ÑÝÍ	ËmæçÏA�
�Úæ`è�Ð�Ñ6Ö(Í�Þ6Í	Þ6Í�â�¸6Û�ÓÍ�Ï�Í í Ð4Î�ÏuæçÑÝÛt�UâÝÍoÍ�Ö>âÝÑ�Í	ËmæçÏ)�Úæ&è�Ð4Ñ]Ö�Í	ËæçÑ]Ö�Û�Ñ]âÝÍ`É7ä&Û�æçÑ ÑÝÍ�Ö�ÛHÍ�Ñ]Ö>Ëmæ�Ï)�ÝÖ(Í}�`âÝÍ�Þ6Í
ì�Ð	ËmæçÏW��æ&è�Ð�Ñ6Ö(ÍfÎþÐçÞ6Û Ð4Ö(Û0�`ÍAÓÐiÕ���Ò�æ�Ñ���Í�âÝÖ>Ë í Í�ÎþË í Í�Îvì�Ð	èWæçìHâÝÖ�ÛHæçÑ,èWæ�âÚè[ì�Ðp�!æçÎ(Ï�Í`ý�¨û��� "OÌ�ü)�!��8:9<;] û��� ü g i ]�Ï �|� 8?>@;xC] û��� ü g i xC]�Ï � �¹� 6 ûJ,çÉÏ,�¯`ü
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Þ6Û�q_«Í�Î(Í�ÑÚËmÍ[Ñ�æçÖ�Ð�ÜÝì�Í$Í�Ñ6Ö(Î�Í[ìHÍ�è�Þ6Í�â�¸	èWÛ�Ö(âÚÐ4Ö(Û�æ�ÑÚè��]Û�Í�Ñ]Ö8Þ6Í/ì�¼ Í�¸I�ÝÎ(Í�è�è"Û�æçÑ	Þ]Í�èvËmæçÑÚè"Ö�Ð�Ñ6Ö(Í�è�¿eu1Í�Ö¿jx�ý`Ð4ìHæçÎþè



$�Úkã�Ú æ &×â ÚVßä&×�Ú ��,
�Uâ�Í�¿eufÍ�èWÖ�Û�Ï�Ð��çÛ�Ñ Ð4Û�Î(Íy�ÝâÝÎ(Í`ÒÚì�Ð	ËmæçÑÚè"Ö�Ð�Ñ6Ö(Í�¿jx Í�èWÖ$ËmæçÏ)��ì�Í�¸]Í`É��0Ð�Î�Ð�Û�è"æçÑ Þ6Í¨ËmÍ�Ö�Ö(ÍoÞ6Û�q�«Í�Î(Í�ÑÚËmÍ*ÑR¼ Í�èWÖ
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Þ6ÍuÞ2«Í�� í Ð�è�Ð��çÍ�ÑÝæçÑ ì�ÛHÑX«Í�Ð�Û�Î�Í�ÛHÑ6Ö(Î�æ]Þ6â�Û�Ö*Í�Ñ]Ö�Î�Í�ìHÍ�è*Þ6Í�â�¸ Ë í Ð4Ï)�Úè$Þ6âÁËmæ�Î�Î�«Í�ì�Ð4Ö(Í�âÝÎ>ìHÍ�ìHæçÑ��,Þ6â Ë í Í�Ï�Û�Ñ
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�!æçÑÚËÖ�Û�æ�ÑÚè�Þ6Í�Ëmæ�Î�Î�«Í�ì�Ð�Ö�Û�æ�ÑÚè[èWæ�Ñ6Ö$ÞZ«Í�Ö ÑÝÛ�Í�è1Í�Ñ²�!æ�ÑÚËmÖ(Û�æçÑ Þ6Í�è[Þ6ÛHÎ�Í�ËÖ�Û�æ�ÑÚè[Þ6Í�è2� Ð4Û è�ËmÍ�Ð4â�¸�ì Ðçè"Í�Î�è1ÛHÑÚËmÛ�Þ]Í�Ñ6Öþè
Í�Ö�Þ6Í�è�Þ6Û�Î(Í�ËmÖ(Û�æçÑ è�Þ�¼ æ�ÜÚèWÍ�Î-��Ð4Ö(Û�æçÑQÉ/ÈvÍ�è��!æ�ÑÚËmÖ�ÛHæçÑÚè�Ï�Í�èWâÝÎ(Í�Ñ6Ö	Þ]æçÑÚË ì Ð ËmæçÎ(Î�«Í�ì Ð4Ö(Û�æçÑQÒ[Ë�¼ Í�èWÖ
ÓÐ Þ]Û�Î�Í,ì�Ð
¬�Î(Í�è�è"Í�Ï�Ü�ì�Ð4Ñ ËmÍ�	Þ6Í�ì�Ð�Ö|��âÝÎ�Í	Þ6Í	èr�ÚÍ�Ë3Ì]ì�Í}�Úæ�âÝÎoÞ6Í�è>Ð�Ñ��çìHÍ�è*Þ6Û�q�«Í�Î(Í�Ñ6ÖþèmÉ�	�Ñ Î�«Í��çÛHÏ�Í*ÑÝæçÑ ì�ÛHÑX«Í�Ð4ÛHÎ�Í`ÒÚæçÑ
�ÚÍ�âÝÖ,è�¼ØÐ4Ö�Ö(Í�ÑÚÞ6Î(Í¹ÓÐÁËmÍ(�Uâ�Íîì�ÐaÖ|�çâ�Î�Í Þ6Í è��ÚÍ�Ë�Ì6ìHÍÍ«Í��`æ�ì�âÝÍÍ«Í��`Ð�ì�Í�ÏuÍ�Ñ6Ö	Í�Ñ¾�!æ�ÑÚËmÖ�ÛHæçÑ Þ6Íîì[¼ØÐ4Ï)��ì�Û�Ö(âÚÞ6Í
Þ6â¾� Ð4Û è�ËmÍ�Ð4âàì�Ð�èWÍ�Î	Û�Ñ ËmÛ�Þ6Í�Ñ6Ö�Í�Ö	âÝÑÝÍs�!æ�ÑÚËmÖ(Û�æçÑëÞ6Í Ëmæ�Î�Î�«Í�ì�Ð4Ö(Û�æ�ÑêÑÝæ�Ñàì�Û�Ñ¦«Í�Ð4ÛHÎ�Í,Þ6æçÛHÖ�Þ]æçÑÚË Ï�Í�èWâÝÎ(Í�Î�ì�Ð
ËmæçÎ(Î�«Í�ì Ð4Ö(Û�æçÑ�Í�Ñ]Ö�Î(Í*Þ6Í�â�¸�Ö|�çâ�Î�Í�è�Þ6Íoè��ÚÍ�Ë�Ì6ìHÍ/Í�ÑÝÎ�Í���Û�è"Ö�Î�«Í�Í�è2�ÚæçâÝÎ$Þ6Í�è1ÛHÑ6Ö(Í�ÑÚèWÛHÖ�«Í�èvÛ�ÑÚËÛ�Þ6Í�Ñ]Ö�Í�è�Þ]Û�q�«Í�Î�Í�Ñ6Ö(Í�è
Ï�Ð4Û è£�Úæ�âÝÎ>âÝÑÝÍ�Ï(ÔÍ�Ï�Í�Î�«Í�Ð�ì�Û�è(Ð4Ö(Û�æçÑ Þ]â Þ2«Í�èWæ�Î�Þ6Î(Í`É�6/æçâÚè$Ð4ì�ìHæçÑÚè�Ö�æçâ�Ö*Þ�¼DÐ�ÜÚæçÎ�ÞîË�Ð4ì�ËâÝì�Í�Î�ËÍ�è£�!æçÑ ËmÖ�ÛHæçÑÚè
Þ6Í$ËmæçÎ(Î�«Í�ì Ð4Ö�ÛHæçÑÚè�Í�Ñ	Ö�ÎþÐ4ÑÚè"Ï�Û�è(èWÛHæçÑ	Í�ÖvÍ�Ñ�Î�«Í��ÚÍ�¸]Û�æ�Ñ	ÞÝÐ4Ñ è�ì�Ðy��«Í�æçÏ «Í�Ö�Î�ÛHÍ[Þ6Í�ì�Ð>Ö(Î�Ð4Ñ Ë í Í&Ò�ÓÐ>ì�¼ æçÎþÞ6Î�Í�ì�ÍX��ì�âÚè
ÜÚÐçè�Þ]Í�èfÑÝæ�Ñ ì�ÛHÑX«Í�Ð�Î�Û�Ö�«Í�èmÉMK�âÝÛ èp�ÚÐ�Î�Ëmæ�Ï)�ÚÐ4ÎþÐ4Û èWæçÑ Ð��`Í�Ë�ì�Í�èoËmæçÎ(Î�«Í�ì Ð4Ö�ÛHæçÑÚè*Þ6Í�è��ÚÍ�Ë�Ì6ìHÍ�Í�Ñ��!æçÑ ËmÖ�ÛHæçÑÁÞ6Í
ì�Ðp�!Î�«Í��Uâ�Í�ÑÚËmÍ*Þ]â�� Ð4Û è�ËmÍ�Ð�â�Û�ÑÚËmÛ Þ6Í�Ñ]Ö�Ò`ÑÝæ�âÚè2�ÝÎ�æ��Úæ`èWÍ�Î�æçÑ è/âÝÑÝÍoèWæ�ì�âÝÖ(Û�æ�Ñh��ì�âÚè[Ëmæ�Ï)�Ýì�ÓÍ�Ö�Ív�`âÝÛÓËæçÑ]Ö�Û�Í�Ñ6Ö±ì�Í
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ËmæçÑ��`âÝÍy��Î�«Í�Ë�«Í�Þ6Í�Ï�Í�Ñ]Ö�Ò�æçÑ
�ÚÍ�âÝÖ�ì[¼8«Í,�çÐ�ì�âÝÍ�Î2�ÚÐ�Î[ì�Ð7�!æçÎ�Ï	âÝìHÍ`ý C Ò = ]��ÖÓDÕ°I2� Ø : d ÕÀ�� } ¬ b 6 û;²6Éb²RÛ]ü
%�Î/ì Ðp�!æçÑÚËmÖ(Û�æ�Ñ Þ]Í�ËæçÎ�Î�«Í�ì�Ð�Ö�ÛHæçÑ�Í�Ñ)�!Î�«Í��`âÝÍ�Ñ ËmÍ>Í�è"Ö�«Í��`Ð�ì�ÍWÓÐ Æ ' �Ç}ý� > û;CH��" �I « " �I 0« " �I ª " �I 0ª ü��L( =xtù * G =xtù í +»· ]tj�í tjr* , +9· ] 0tj 0í û �I 0ª ü�, ¹¹¹¹ KNM @JÜ C ÷ x« ¬ x 3 ² Ä , x= ] ¬ x B ¹¹¹¹

x
û;²6Éb²ç·`ü



Ð�ÂB$�ÂÝÃ�× Ä ¼ � ÁiÁ &×"Ã~¾VÀJ¿ �XÙVÄ × Ù ÀJÁÙ¾ ÙVÄ�Þ ¿ Ä�Ä ¿ �XÙ Â ¯ '
æ�Óâ ìHÍ��ÚÐ4ÎþÐ4Ï
ÓÍ�Ö�Î�Í , = ]éÍ�èWÖ�Î(Í�ì�Û,«Í�ÓÐDC Ò = ]¹�ÚÐ4Î,ì�Ð4�!æ�Î�Ï	âÝì�ÍßCÚÒ = ]W� ² , x= ] ¬ x ÉvK�Ð4Î,Ð4Ñ Ð4ì�æ��çÛHÍ`Ò[ì�Í
�ÚÐ4ÎþÐ4Ï
ÓÍ�Ö�Î�Íe�`âÝÛÓÞ]æçÛ�Ö�Ð����ÚÐ�Î�Ð�ÔØHÖ�Î(Í�ÞÝÐ�ÑÚè�ì�¼ Í�¸I�ÝÎ(Í�è�è"Û�æçÑ�Þ6Í*ì�Ð7�!æçÑÚËmÖ(Û�æ�Ñ Þ]Í�ËæçÎ�Î�«Í�ì�Ð�Ö�ÛHæçÑ�ÑÝæçÑ,ì�ÛHÑX«Í�Ð4ÛHÎ�Í�Í�èWÖ�ý

, xà - � Ñ�I 9 C :²�} á6T x û@ì x 3 ì 0 x ü#6 û;²6Éb²��`ü
ÓÊ âÝÑh� Ð�ËmÖ�Í�âÝÎ/Ñ]âÝÏ «Í�Î�Û>�`âÝÍy��Î�ÓÍ�èÒ�æ�ÑîÎ�Í�Ö(Î�æçâ��`Í�Þ6æ�ÑÚËfì Ð��!æçÎ(Ï�âÝìHÍ�û;²]Éc²�Uü�É¤!>Ð4ÑÚè$ËmÍ7�ÚÍ�Ö(Û�Ö�Ï�æ]Þ�ÓÍ�ìHÍ`Ò , mc>à -Ð���� Ð4Î�Ð�Û�Ö$ËmæçÏuÏ�Í1âÝÑ�Í>ì�æ�Ñ��çâÝÍ�âÝÎ�Ë�Ð4ÎþÐçËmÖ�«Í�Î�Û èWÖ(Û>�`âÝÍ>Þ]â�èWã�èWÖ,ÓÍ�Ï�Í��UâÝÛQÞ2«Í��ÚÍ�ÑÚÞ
ÓÐ�ì�Ð;�!æ�Û�è[Þ6â�Þ2«Í�èWæ�Î�Þ6Î(Íf�ÚÐ4Î}/Í�Ö	Þ6Í�è:ÑÝæ�ÑêìHÛ�Ñ¦«Í�Ð�Î�ÛHÖ�«Í�èf�ÚÐ4ÎAàCu�É1Èv¼ Í�è"Ö�ì�Ð ÖþÐ4Û�ìHì�Í�Ë�Ð4Î�Ð�ËmÖ�«Í�Î�Û�è"Ö�Ût�UâÝÍ²�UâÝÍ,Þ6æ�Û�Ö	Ð��`æçÛHÎ�ì�Ð Ö(Î�Ð4Ñ Ë í Í��Úæçâ�Î
�Uâ�ÍfìHÍ*ÞZ«Í�� í Ðçè(Ð��çÍ�Ïuæ4ã`Í�Ñ�ÛHÑ6Ö(Î�æ]Þ6âÝÛHÖ1ìHÍfìHæçÑ��	Þ]âîË í Í�Ï�ÛHÑ	Þ6ÍoÞ6Û�q0âÚè"Û�æçÑ èWæ�Û�Ö�Þ6Í*ì[¼ æçÎþÞ6Î�Í*Þ]ÍÌ²®v Í�Ö�Þ6æçÑÚË
�ÚæçâÝÎ��`âÝÍ ìHÍ�è�Þ]Í�â�¸~Ö|�çâ�Î�Í�è�Þ]Í è��ÚÍ�Ë�Ì6ìHÍ Í�ÑÝÎ�Í���Û�è"Ö�Î�«Í�Í�è��Úæ�âÝÎ�ì�Í�è�Þ6Í�â�¸àÐ�Ï)�Ýì�ÛHÖ�âÚÞ]Í�è	ì Í�ÖÙì 0 è"æçÛ�Í�Ñ6ÖËmæçÏW�Ýì�ÓÍ�Ö(Í�Ï�ÍÑ6Ö$ÞZ«Í�ËæçÎ�Î(Í�ì,«Í�Í�èmÉ�ä`âÝÎoì�Ð)Ö|�çâÝÎ(Í8²6ÉØ· ÑÝæ�âÚè�Ð��`æçÑÚè�Î(Í��ÝÎ�«Í�èWÍ�Ñ]Ö�«Í�ì Ð²�!æ�ÑÚËmÖ�ÛHæçÑéÞ6ÍuËmæçÎ(Î�«Í�ì Ð4Ö(Û�æçÑ
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���y�4� ²6ÉØ·£� ÷M3&U,:�<�Dmø�.>:�<)¡6õvDz:�?T?&�õz/g3çø[.>:�<)¡6õ¦/�3¢âM5�SI?3õv¡6õvòrBÚõ8D/ã�/�õ*õT<XU,:�<�Dmø�.>:�<h¡6õ¦/�3�ö�3�?T.>3w½�/�õv3�<�5©S�/�3�.>?�õC ÷�« õþøX¡6õ�òj<�:�<s/�.><f�õT3�?�.�ø|�õ�òvB�3�?y/O� .><6ø"õT?�c§�õd¡�.>3�.>?3õe¡6õ , à - ó
Î�«Í�Þ]âÝÛ�Ö(ÍïM KNM û;C ÷�« " , à - ü�M x Í�Ñ)�!æ�ÑÚËmÖ�ÛHæçÑ,Þ6Í�è[Þ]Í�â�¸)��Ð4Î(Û�Ð�ÜÝì�Í�è�C ÷�« Í�Ö , à - É|!>Ð4Ñ è�ìHÍ*Ë�Ðçè2� Ð4Î�Ö(Û�Ëmâ�ì�Û�Í�Î1æ�ÓâC ÷�« �§]ÒÝÍ�ì�ìHÍ>Í�èWÖ²«Í,�`Ð4ìHÍWÓÐ6ý

M KNM û;C ÷�« " , à - ü�M x � Û , xà - ¬ x
Ëmæ`è í û+² , à - ¬ ü 3 Ëæ`èmû+² , à - ¬ ü 6 û;²6Éb²���ü

!�Í�â�¸�Ö|��âÝÎ�Í�è[Þ6Íoè��ÚÍ�Ë�Ì6ìHÍ>ÑÝÍ*è"Í�Î�æ�Ñ6Ö�Þ6æ�ÑÚËy�Ýì�â è[ËmæçÎ(Î�«Í�ì,«Í�Í�è��Úæ�âÝÎ�Þ6Í�è2��Ð4ìHÍ�âÝÎþè[Þ6Í T Ö�Í�ì�ì�Í�è��`âÝÍ*ì[¼ æçÑ�Ð�Û�ÖT ¬»ä ²]ÉR!>Ð4Ñ è ìHÍ	Ë�Ðçè$Þ�¼ âÝÑ�Í�Ö�Î�Ð�ÑÚË í Í�Þ6Í�ìHæçÑ���âÝÍ�âÝÎ ¬ � '  m x 5 Í�Öy�Úæçâ�Îfâ�Ñîì�Û�Ü�Î�Í7� Ð4Î�ËæçâÝÎþè Ïuæ4ã`Í�Ñ}�� '  m u 5 Ò�ËÍ�ì�Ð[Ëmæ�Î�Î(Í�è��ÚæçÑ Þ�ÓÐ/âÝÑÝÍZ�çÐ�Î�Û Ð4Ö�ÛHæçÑ¨Þ�¼ ÛHÑÚÞ6Û�ËÍvÞ6Í1ì�¼ æ�Î�Þ6Î(Í1Þ]Í�C : � : x�ûCì x 3 ì x 0 ü ä ²Ê¸ '  m�å ÉÈvÍ�Ö�Ö(Íf�çÐ�ì�Í�â�Î1Í�è"Ö[Û�Ï)�ÚæçÎ(Ö�Ð�Ñ6Ö(Í>Ï�Ð4Û è�Í�ì�ìHÍ>ÑÝÍ*è"Í�Ï�Ü�ì�ÍX�ÚÐ�è í æ�Î�è�Þ6Íy�ÚæçÎ(Ö�«Í�ÍoÞ�¼ âÝÑÝÍ>Î�«Í�Ð4ìHÛ�è(Ð4Ö�ÛHæçÑ��ÝÎþÐ4Ö�Ût�Uâ�Í`É
þxÿ�����æ��%����æ	���$���|�	�$�9��
��Ì&ÿ���
���ÿ����

Èvæ�ÑÚèWÛ Þ2«Í�Î�æ�ÑÚè�Ï�Ð�Û�Ñ]Ö�Í�Ñ Ð4Ñ]Ö7ì�Í�Ë�ÐçèR�ÚÐ�Î�Ö�Û ËmâÝìHÛ�Í�ÎÕÞ6Í�è¢Ï�ÛHì�ÛHÍ�â�¸�Ð4Ü èWæçÎ(ÜÚÐ4Ñ]Ö�è�ÑÝæ�Ñ�ìHÛ�Ñ¦«Í�Ð�Û�Î(Í�è��ÚæçâÝÎ�ìHÍ�è-�`âÝÍ�ì è
à u Í�Ö�Þ6æ�ÑÚË T x è"æçÑ]Ö/ÛHÏ�Ð���Û�ÑÚÐ�Û�Î�Í�è��ÝâÝÎþèmÉ��0Ð7�!æçÑÚËÖ�Û�æ�Ñ,Þ6ÍoËmæçÎ(Î�«Í�ì Ð4Ö�ÛHæçÑ��ÚÍ�âÝÖ$Ð4ìHæçÎ�è�èWÍ*Î�«ÍR«Í�ËmÎ(Û�Î�Í&ý

� > ûCìH"7ì 0 " �I « " �I 0« " �I ª " �I 0ª ü)�L( =�tù *;G =xtù í ¸
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���y�4� ²]É �7� ÷M32U,:�<�Dmø�.>:�< M K M û;C ÷ « � _" , à - ü�M x õT<pU,:�<�Dmø�.>:�<a¡6õ , à - ó
+»· tj í û �I ª üx, +»· tj 0í û �I 0ª üx, ¹¹¹¹¹¹ K M ¯± C ÷ x« ¬ x � ¬ x¬ x« 3 Ä�T x û@ì x �Àì 0 x ü² ¬ x ³´ ¹¹¹¹¹¹

x 6 û;²6Éb²��`ü
!>Ð4Ñ è�ËmÍ�Ö�Ö�ÍuÍ�¸=��Î�Í�è(èWÛ�æ�ÑÓÒ�ì�¼ Í�q0Í�ÖoÞ6Í�ì�¼DÐ4Ü èWæçÎ8�ÝÖ�ÛHæçÑÁì�ÛHÑX«Í�Ð�Û�Î�ÍuÐ°«Í�Ö�«Í�Ð�G�æçâ�Ö�«Í�Í)� Ð4Î�ì[¼ Û�Ñ]Ö�Í�Î(Ï±«Í�Þ6ÛHÐ�Û�Î�Í	Þ]Í�ì�Ð
ì�æ�Ñ��çâÝÍ�âÝÎ	Þ�¼DÐ�ÜÚèWæ�Î-�ÝÖ(Û�æ�Ñ ì�ÛHÑX«Í�Ð4ÛHÎ�Í ¬ « �èç }q} « P�Ñ � ¬ P ø Ñ�I 9 }?é�Ï}à > Æ�ê Ç}É�ä`Û±æçÑÁè"Í)�Ýì ÐçËmÍuÞÝÐ4Ñ è�ì�ÍuË�Ðçè
�ÚÐ4Î(Ö�Û ËmâÝì�ÛHÍ�Î[æ�Óâîì�Í�è[Ð�Ï)�ÝìHÛ�Ö�â Þ6Í�è1Þ]Í�è[Þ6Í�â�¸)� Ð�Û�è�ËÍ�Ð4â�¸�èWæçÑ]Ö�«Í��`Ð�ì�Í�èì!��ì 0 ÒÝÛ�ìÓÍ�è"Ö[âÝÖ�ÛHì�ÍoÞ6ÍoÞ2«Í�ÖÚÑ�Û�Î[âÝÑÝÍ
ì�æ�Ñ��çâÝÍ�âÝÎ>Þ�¼DÐ4Ü èWæçÎ8�ÝÖ�ÛHæçÑ,ÑÝæçÑ,ì�Û�Ñ¦«Í�Ð4ÛHÎ�Íy�ÚÐ�Î[ì�Ð�Î�Í�ì Ð4Ö(Û�æçÑQý'û ¬ à -« ü x � '¬ x« 3 Ä�T x ì x � ÑHI 9 }�é�Ï}à > �J¯ P�²HI 9 }�évÏ�àMu#ì x} x û;²6Éb²�¯`ü
Í�Ö[æçÑ,æçÜÝÖ(Û�Í�Ñ]Ö2ÖÚÑÚÐ�ì�Í�ÏuÍ�Ñ6Ö�ý
� > û@ìH"#ì 0 " �I « " �I 0« " �I ª " �I 0ª ü)�â( =xtù *§G =�tù í +»· tj�í û �I ª ü�, +»· tj 0í û �I 0ª ü�, ¹¹¹¹¹ KëM Î C ÷ x« ¬ x � ¬ x¬ à -« x Ð ¹¹¹¹¹

x 6àû;²6ÉbÑ�`ü
!>Ð4Ñ è[ËmÍ�Ö�Ö(Í�èWÛHÖ�âÚÐ�Ö�Û�æ�ÑÓÒ`ì�Í�è�ÑÝæ�Ñ�ì�ÛHÑX«Í�Ð�Î�Û�Ö�«Í�è�ÑÝÍ�Ï�æ]Þ6Û�ÖÚÍ�Ñ]ÖvÞ6æ�ÑÚËy�`âÝÍ[ì�Ðf�çÐ�ì�Í�â�Î1Þ]â�Ëmæ`ÍQF�ËmÛHÍ�Ñ]ÖvÞ�¼DÐ�ÜÚèWæ�Î-�=�
Ö�ÛHæçÑ Ï�Ð4Û�èvÑÝÍ*Ï�æ]Þ6Û�ÖÚÍ�Ñ]Ö2�ÚÐ�è�ì Ðp�!æçÎ�ÏuÍ*Þ6Í*ì�Ðp�!æ�ÑÚËmÖ�ÛHæçÑ,Þ6ÍoËmæ�Î�Î�«Í�ì�Ð4Ö(Û�æ�ÑÓÉ
þn
qÿ��°��ìeÿ����sÿ��Ììeÿ��%��ÿ�¶��	�$�9��
��Ì&ÿ���
���ÿ����

�M¼ Í�¸6Í�Ï)�Ýì�Í±Þ6Í�è�Ï�Û�ìHÛ�Í�â�¸f�>Í�Î�Î�ÏuæçÑ]Ö�Î�Í�Ðy�Úæ`è"Ö�«Í�Î(Û�æ�Î�Û0Þ6æçÑ Ë_�`âÝÍ[ì�Ðy�ÚÐ�Î�Ö(Û�Í�Û�Ï�Ð��çÛ�Ñ Ð4Û�Î(Í[Þ6âuËmæ`ÍPF�ËmÛHÍ�Ñ6Ö¿µÞ6Í�èX�`Í�Î�Ö(Í�¸�Ñ�æçÑîì�ÛHÑX«Í�Ð�Û�Î�Í�è�Í�è"Ö/Î(Í�ì�Û,«Í�ÍAÓÐ�âÝÑ,Í�q0Í�Ö$Þ6ÍoÞ2«Í�� í Ð�è�Ð��çÍ�Û�Ñ]Ö�Î(æ]Þ6âÝÛHÖ/ìHÍfìHæçÑ���Þ6Í�è�Ë í Í�Ï�Û�ÑÚèvÞ6Í
Þ6Û�q0âÚè"Û�æ�Ñ�Ï	âÝì�Ö(Û0�ÝìHÍvÐ4ìHæçÎþè��`âÝÍ[ì Ð_�ÚÐ4Î(Ö�ÛHÍ[Î�«Í�Í�ìHì�Í±Í�èWÖ�ìHÛ,«Í�Í;ÓÐ/âÝÑ	Í�q0Í�ÖvÞ�¼ØÐ4ÜÚè"æçÎ8�ÝÖ�ÛHæçÑÓÉIlîÐ4Û è�ì[¼ Û�Ñ]Ö�Í�Î8�ÝÎ�«Í�Ö�Ð4Ö(Û�æ�Ñ
Þ6Í�èX�`Í�Î�Ö(Í�¸�ÑÝæ�Ñ ì�ÛHÑX«Í�Ð�Û�Î�Í�è�¿eu>Í�Ö-¿jx�Î(Í�èWÖ(Í�Þ]Û�F�ËmÛ�ìHÍ`É
Å)â#Å ç½æQàZèXë}ìFì(éæpå,èfê�ä,ë�é©àÿæQé ìFæeí(æeî�ä,ë�é�â
SvòCSvò-ñ T	UÞûI÷�U2ývö^�vôÌõ�ô)�¯ø�ôNï�ø-ý�ð7ý£ø�ôZò

!>Ð�ÑÚè�ËmÍ�Ö(Ö�Í èWÍ�ËmÖ�ÛHæçÑÓÒ1Ñ�æçâÚè�Ð4ìHì�æ�ÑÚè�ËmæçÑÚè"Û�ÞZ«Í�Î�Í�Î�ìHÍ�è�Ëmæ�Î�Î�«Í�ì�Ð�Ö�Û�æ�ÑÚè�Í�ÑàÎ�ÍT�ÚÍ�¸]Û�æçÑ è"âÝÎ�âÝÑÝÍîÖ(Î�Ð4Ñ Ë í Í
èWÍ�ÏuÛ�Í�� Û�Ñ=Ö ÑÝÛ�Í`ÒÕÎ�Í���Î�«Í�è"Í�Ñ6Ö�«Í�ÍhÖù�çâÝÎ(ÍÉ²6É��&ÉX	�ÑàÎ�Í�� Í�¸6ÛHæçÑÓÒvì�Í Ë�Ð4ì ËmâÝì$èWÍîÏ
ÓÍ�ÑÝÍ,Þ6Í ì Ð ÏaÔÍ�Ï�ÍA� Ð�
Ëmæ�Ñ°�`âÝÍ
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���y�4� ²6É��y� ÷M3�ø[?83�<�D3ðÚõ>ò�õTc}.0�N.></âZ<�.�õ�ó�÷8õfc}.0/�.�õdSs<�:�<s/�.><f�õT3�.>?3õ�õ�òø¦¡�3�<Uòf/�õj¡6õTc}.�õ(òrB�3�Dmõ�î	,±Úó
�ÝÎ�«Í�Ë�«Í�Þ6Í�ÏuÏ�ÍmÑ]ÖÕÏ�Ð4Û è{Ñ�æçâÚè�Þ6Í��`æ�ÑÚèA«Í��&Ð4ìHÍ�Ï�Í�Ñ]Ö�Ö�Í�ÑÝÛ�Î±Ëmæ�Ï)�ÝÖ�Í$Þ6Í�è1ÛHÑ6Ö(Í�Î���«Í�Î�Í�ÑÚËÍ�è�Í�Ñ]Ö�Î(Í/âÝÑ,Ë í Í�Ï�ÛHÑ�Þ6Í
Þ6Û�q0âÚè"Û�æ�Ñ Í�Ö$èWæ�Ñ Ë í Í�Ï�Û�Ñ�Þ6Í	Þ6Û�q0âÚè"Û�æ�ÑîÛ�ÑI�`Í�Î�è"Í Æ �mÇ É�	�ÑîÍ�q0Í�Ö�Ò7Þ�Ð4ÑÚè/ìHÍ�è�Þ6Í�â�¸,èWÛHÖ�âÚÐ�Ö�ÛHæçÑÚè/Î(Í��ÝÎ�«Í�èWÍ�Ñ]Ö�«Í�Í�è
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���y�4� ²6É:�y�Á÷�õ�ò�¡�.>3�5©?-3�c}c�õ�ò�B�õd?�c}3çø!ø[3�<]øF¡6õ�Dz3�/�D�S�/�õT?y/�õ�òMU,:�<�Dmø�.>:�<Uòe¡6õ�Dz:�?T?&�õz/g3çø[.>:�< õT<�?&�õ0¢>õ-¨�.>:�<uò,SI?
/�3�ø[?83�<�D3ðÚõ�ò�õTc}.0�r.></âZ<�.�õ�ó_³�3d´W¡�.>3�5©?-3�c}c�õ�¡�.>?3õ8Dmø"ó2³@½N´�¡�.>3�5�?-3�c}c�õ�.><Ýö4õd?þò�õ�óÓ÷8õ�ò&¢�ªõdD3ðÚõ�òe.><�¡�.>�,S õT<]øX/�õ
ò�õT<Uò£¡6õRB�3�?8Dz:�S=?�ò�¡6õ�ò¦D3ð�3�c_BÝòZ/�õF/�:�<�5e¡�S7D3ðÚõdc}.><�¡6õZ¡�. ¢�Sçò,.>:�<�ó_CA�÷ « �Ú�÷ 0« 3 �÷ « ���÷ « � �÷ ª �ICJ�÷ « � �÷ 0ª �©�÷ «:£ªSA�÷�« ���÷�ª ���÷�ª õþøH�÷ 0ª ò,:�<]ø2/�õ�òjDz:�c_B�:4ò,3�<6ø"õ�ò*ø�?-3�<Uò�ö�õT?þò�õ(ò}¡6õ(ò�ö�õ8DmøWõdS=?�ò �I « � �I ª � �I ª õ�ø �I 0ª ó
Ö|�çâ�Î�Í0²6É:�]Ò1ì�Í�è�Ë í Ð4Ï)�Úè}�ÚÐ�è�èWÍ�Ñ6Ö�Í,¸ÝÐ�ËmÖ�Í�ÏuÍ�Ñ6Ö}� Ð4Î�ì�Í�è�Ï(ÔÍ�ÏuÍ�è�Þ6Û��!âÚèWÍ�âÝÎ�è�Í�Ö	ì�Í�èA� í Ðçè"Í�è�Þ6Í�è�Þ]Í�â�¸
Ë í Ð4Ï)�ÚèF�`æçÑ]Ö±èWÍ*Ëmæ�Ï)�ÚÍ�ÑÚè"Í�Î±Ð4âÚè(èWÛÓÜÝÛHÍ�Ñ)�ÚæçâÝÎ[ìHÍ>Þ]Û�Ð���Î�Ð�Ï�Ï�Í�Þ6ÛHÎ�Í�ËmÖ¦�Uâ�Í_�Úæçâ�Î/ìHÍ>Þ6Û Ð���Î�Ð4ÏuÏ�Í�ËmÎ�æ�Û�èI«Í`É
!>Ð4Ñ è/ì�Í>Î�«Í��çÛHÏ�Í�ì�Û�Ñ¦«Í�Ð4ÛHÎ�Í>ìHÍ�ËæçÎ�Î�«Í�ì�Ð�Ö�Í�â�Î[Þ6Í�è[Ë í Ð�Ï)�Úè�Í�èWÖ$Þ6æçÑÚË*Þ6æ�ÑÝÑ¦«Íe�ÚÐ4Î[ì Ðj�!æ�Î�Ï	âÝì�Í`ý
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Chapter1

SPECKLE CORRELATIONS AND
COHERENT BACKSCATTERING
IN NON LINEAR RANDOM MEDIA.
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Abstract We calculatefield-field and intensity-intensitycorrelationfunctions for light
transmittedand reflectedby a weakly non linear randommediumcontaining
randomlydistributedscatterers.In a nonlinearKerr medium,thesecorrelation
functionsinvolve a characteristiclengthfor phasedecorrelationdueto a change
of the refractive index along the diffusive path of light. A new approximate
expressionfor thenonlinearbackscatteringconeis obtained.

Keywords: Multiple scattering,nonlinearities,correlations.

Whenhigh laserintensitypulsesof veryshortdurationilluminateasample,
thenonlinearresponseof thesystemmustbeconsidered.Multiple scattering
of wavesin suchmediaoffersa new field of research.Very few studiesin the
regime of non linear multiple scatteringhave beencarriedout. The speckle
correlationfunction of the secondharmonic(generatedby 90 ps pulseson
LiNbO P particlesin quartzwindow) hasbeenmeasuredandanalysed[1]; An
anomalouslinewidth shapeof thebackscatteringconeispredictedfor arandom
andKerr mediumin a frameof perturbatedmultiple scatteringby non linear
interactions[2], [3]. Several predictionshave beenmadealsoin the general
context of weaknon-linearitiesandmodestbeamintensity[4] [5]. Here,we
calculatethe intensity specklecorrelationfunction in the weakly non linear
regimefor a randomKerr mediumwith a nonlinearsusceptibilityof thethird
order( QRP ). We will startfrom a perturbationschemewherethenon linearity

1
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producesa correctionto the ladderdiagramsfor the averageintensity. We
proposeanew expressionof theshortrangecorrelationfunctionof thespeckle
pattern,asafunctionof angleandintensity, by extendingits linearfunctionnal
dependenceto the non linear regime. The main outputof this approachis a
new characteristiclengththatcollectsbothnonlinearity andrandomness.An
extensionto long rangecorrelationfunctionis alsoproposed.

Thenonlinear correlationfunction. Weconsideraslabof scatterersimbed-
dedin ahomogeneousnonlinearmedium(seeFigure1.1)andweareinterested
in the field-field and the intensity-intensitycorrelationfunction of the light
emerging from thisslab.

z

k

k
k

k
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b

a

z=Lz=0

b

’ 
’ 

ka

ka’

kb

kb’

zz=0

(a) (b)

Figure 1.1 Illumination of a slabby two beamsof wave vectors VWYX or VW[ZX : thescatteredlight
is detectedin eitherthedirection VW]\ or VW Z\ . Thespecklecorrelationfunctionis parameterizedby
all four wave vectorsaswell asthe input amplitudeŝ and ^ Z . (a) Transmissionof a slabof
lengthL. (b) Reflectiononansemi-infiniteslab.

Firstwewill calculatethefield-fieldcorrelationfunction,whichdependson
theincidentdirections_`7a,b _`�ca , theemergingdirections_`7db _`�cd andtheamplitudese

and
e c

of thetwo incidentbeams:f E g e b e c b _`8a8b _` ca b _`7d�b _` cdihkjmlon�pq X g _`8d h%n�rpq cX g _` cdihtsvu (1.1)

It describesthecorrelationbetweentwo outgoingfieldsfor two incidentbeams
with differentamplitudes.In the following, we will assumethat

e c
is small.

In order to simplify the calculation,we usethe scalarapproximationfor the
electromagneticfield. This simplificationis justified in the regime of strong
multiple scatteringwherethe light is totally depolarized.Thewave equation
is, _wyx n g _z h|{M} x~ x��7� g _z h�{�����n g _z h�� x7� n g _z hkj�� g _z h b (1.2)
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Correlationandbackscatteringin nonlinear randommedia. 3

where ¨1©Yª«7¬ is the externalsourceof radiation, [©Yª«7¬¯® i°²±v³´[©Yª«µ¬ is the ho-
mogeneouslinear dielectric constant�° plus its randompart ³´´©�ª«µ¬ . Finally¶�®¸·8¹#ºk»½¼�¾ is thenon linearsusceptibilitycontributing to thedielectriccon-
stant. We supposethat thereis no absorptionin the linear regime and that[©�ª«7¬ is real. In orderto solve Eq. (1.2),we usea perturbationalapproachand
expandthe electricfield as ¿�©�ª«7¬¦® ¿ » ° ¾ ©�ª«7¬ ±À¿ »ÂÁ%¾ ©�ª«7¬ ±ÄÃ]ÃYÃ , where ¿ » ° ¾ ©Yª«7¬
and ¿ »ÅÁ%¾ ©�ª«µ¬ aresolutionsof, respectively,ÆÇÈ ÇÉ ªÊmË ¿ » ° ¾ ©Yª«8¬ ±MÌ ËÍ Ë ´©�ª«7¬ ¿ » ° ¾ ©�ª«7¬Î® ¨1©Yª«7¬ ÃªÊmË ¿ »ÅÁ%¾ ©Yª«8¬ ±MÌ ËÍ Ë ´©�ª«7¬ ¿ »ÂÁ%¾ ©�ª«7¬Î®¸Ï Ì ËÍ Ë ¶�Ð ¿ » ° ¾ ©�ª«7¬²Ð Ë ¿ » ° ¾ ©Yª«7¬ Ã (1.3)

In the secondequation,the non linear term ÏÑ¶ Ì ËÓÒ Í Ë Ð ¿ » ° ¾ ©Yª«7¬ÑÐ Ë ¿ » ° ¾ ©Yª«7¬actsasa non linear sourceinsidethe volumeof the slab. For the field-field
correlator, we have to lowestorderin ¶ :Ô E ®mÕ ¿ » ° ¾Ö×�Ø © ªÙ8Ú ¬ ¿ » ° ¾ÅÛÖ×ÜØ © ªÙ ÜÚ ¬�Ý ± Õ ¿ »ÅÁÞ¾Ö×�Ø © ªÙ7Ú ¬ ¿ » ° ¾ÅÛÖ×ÜØ © ªÙ ÜÚ ¬tÝ Ã (1.4)

Non linear correlationsin transmission. In transmissionthrougha slabof
length ß , theexpressionof thelinearpartof thefield correlatoris givenby (see
formula(20)of ref [6]),Õ ¿ » ° ¾Ö×�Ø © ªÙ8Ú ¬ ¿ » ° ¾ÅÛÖ×�ÜØ © ªÙ ÜÚ ¬àÝ�® ³�á Öâ ØÓã á ÖâÞätå)æçæ Ü· Ù Ë´è'éß¯ê|ë ©íìmîÓïÓß ¬ið (1.5)

where ê|ë ©�ñ ¬ò® ñ Ò�ó�ôöõø÷ ©�ñ ¬ .
Theexpressionof thenonlinearfield correlatorÕ ¿ »ÅÁ%¾Ö×iØ © ªÙ7Ú ¬ ¿ » ° ¾ÅÛÖ×�ÜØ © ªÙ ÜÚ ¬tÝ can

beobtainedby diagramaticexpansion.In Figure1.2,we have representedthe
correspondingdiagramin realspace,whichcontributesto lowestorderin ù Ò Ù é .Its mathematicalexpressionis [2], [3]:Õ ¿ »ÅÁ%¾Ö×�Ø © ªÙ7Ú ¬ ¿ » ° ¾ÅÛÖ× ÜØ © ªÙ ÜÚ ¬tÝ�® ³ á Öâ Ø[ã á Öâ ä å,æ�æ Ü· Ù Ë[èûú8ü´ý ¶ æ Ëú)þ Ë° Ù éé�ÿ�����°�� © ß Ï é ð���ð ì ªî Ú ¬ � © ��ð é ð ì ªî]ï ¬ � © ��ð é ð ª	 ¬�
�� Ã (1.6)

where� © ��ð�� Ü ð ªî ¬ is theintensitypropagatorfromplane � Ü toplane� solutionof:© î Ë Ï ���� ¬ � © ��ð�� Ü ð ªî ¬t® ÁË�� ³�© �mÏ�� Ü ¬ Ã We usethesolutionwith theDirichlet

boundaryconditions � ©�ª«/Ï ª« Ü ¬à® 	
on the plane �À® 	

and ��® ß . (In
this transmissiongeometry, the resultsobtainedusingtheDirichlet boundary
conditionsareequivalent,in the leadingorderof é Ò ß to thoseobtainedusing
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Figure 1.2 The diagram,in real space,usedto calculatethe first non linear correctionto
the correlationfunction. The non linear vertex is representedby a squarethat connectsthree
differentpropagatorsof intensity.

theradiativeboundaryconditions).Upondoingtheintegralover � in Eq. (1.6),
we obtain:������� �!"$#&%�'(*)�+ ���-,$��.!"0/# %�'( /) +21436587 !9 #;: 7 !9=<?>A@4@ /B (DCFEHGI %�J?KML CNPO I CRQ /S %UTRV;W I +B T�V;W I +

(1.7)

where Q /S %YX +
is the derivative of Q S %YX +

with respectto X and L[Z �NPO is the
characteristiclengthdefinedby:

L[Z �NPO 3 %]\*^B*_a` @ Cb ,dce , G + Z � f CAg (1.8)

The presenceof
5 7 !9 #�: 7 !9h< in Eq. (1.7) meansthat the “memory effect” [6]

still exists since the non linear vertex doesn’t break the averagetransverse
translationalinvarianceof the slab. By collecting the expressions(1.5) and
(1.7),weobtain:i E 3j507 !9 #;: 7 !9 < >A@k@ /B (DClE GInm Q S %MTRV;W I + JoK L CNPO I CTRV;W I Q /S %UTRV;W I +qp g8g�gsr

(1.9)

Expression(1.9) resultsfrom a perturbationalexpansionvalid when L CNPO IutT�V;W . We recognisethefirst termof theTaylor serieof the function Q S if we

would replacethevariable TRV�W I by v TRV CW I C J \ KsL CNPO I C
. This suggeststo

extrapolateEq. (1.9) to:i E 3j507 !9 # : 7 !9=<?>A@k@ /B ( C E GI Q S % v TRV CW I C J \ KML CNwO I C;+ g
(1.10)
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This “ansatz”canbejustified, in thecaseof a nonlinearKerr mediumwith a
realcoefficient | [7]; }[~q��P� is thecharacteristiclengthfor phasedecorrelation
alongthediffusive paths,dueto thedependenceof the index of refractionon
theamplitudes� and ��� of theincidentbeams.

Weturnnow to thecalculationof theintensity-intensitycorrelationfunction.
In the so-called��� � � approximation[6], this function is given by the simple

formula: � � � ���� �������h�*��*� �*�� �� �*���� �*�� ���������� �&� � ���$�4�h�*���� �*�� �� �*��*� �*�� ����l������� This ap-

proximation,valid when
�D�w���

, ignorespossiblecrossingsof multiple scat-
teringpaths.Here,we will alsoconsidertheweaklynonlinear regimewhere
non linearitiesdo not affect thescatteringpropertiesof theparticles(e.g. the
meanfreepath).Within thisapproximationwe have:

� � � �� �¡ 8¢4£¤s¥;¦ ¢k£¤h§�¨ª© £« ¥ � �� � �¬ ¨R© £« �¥ � �� �� �¬ ���� ® � �°¯ ±�² ��F³ �?´¶µl· } ��P� ³ � � ���� � � (1.11)

Thefunction ¸ ® � � ¯ ±R² �� ³ � ´¹µA· } ��w� ³ � � ¸ � isplottedasafunctionof ±�² � ³ and} �P� ³
in Figure1.3. Wenotethatasuccessfulexperimentalobservationof the

º»¼½¾
º » ¼ ½ ¾

¿¿sÀ » ¾¿sÀ ¾¿sÀ Á ¾º º»¼½
¿» ¾¾

qa L
L L

    C(1) T

Figure1.3 Thespecklecorrelationfunctionin anonlinearrandomKerrmedium.Thedecrease
of thecorrelationfunctionis presentedasa functionof: angle( ÂPÃ ¥ ) andintensity( ÄlÅÇÆÉÈ .
presentnonlineareffectshouldreachvaluesof } �P� ³�Ê µ , whichcorresponds,
for a slabof length

³ � �8Ë ~ ��Ì anda meanfree pathof
� � �8Ë ~ÎÍ Ì , to a

changeof therefractive index equalto ±�Ï � Ï � � � Ê µ�Ð �8Ë ~ÎÑ . Thisvalueis
notbeyondtheshortpulseregimein usualnon-linearmaterials.

Beyondthisshortrange“ ��� � � ” contribution, longrangecorrelations[6] may
beexpected,particularlyin confinedgeometries. Thesecontributionsarisefrom
thecrossingof diffusive pathsin therandommedium.Theexpressionfor the
longrange“ �Ò� � � ” correlationsin thefrequency domain,foundusingaLangevin
method[10], canbetranslatedto ournonlinearproblemby substituting} ¢ÔÓ �Õ Ö Ïq×�±�ØPÙ µ]Ú × � (called | in [10]) by } �P� .
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Non linear correlationsin reflection. Let uscalculatethecorrelationfunc-
tion for the light reflectedfrom a slabof infinite length. Taking into account
theroleof thetime reversalsymmetry, thelinearfield correlatoris givenby:ÛÝÜ�Þ-ß$àáâ$ã&ä�åæ�ç�è Ü�Þéß$à�êáâ�ëã ä�åæ ëç è?ì4í6î8ï áð ãFñ ï áðhò�ó]ô4ô ëõ æDöF÷HøùUö�ú�ûß ú�ûßýüAþÇÿ ë��������� ä�	�
�	 ë 
� å��� è�� � ä�	�
�	 ë 
 åæ � � åæ�ç��  å��� è�� üAþÎÿ ����� 	 � 	 ë (1.12)

Usingtheintensitypropagator�� ä�	�
�	 ë 
� å��� è obtainedwith theradiativebound-
ary condition: �� ä���
�	 ë 
� å��� è�� 	 ß!  ÿ �� ä���
�	 ë 
� å��� èwí � , where 	 ß í#" ß ù is the
extrapolationlengthand

" ß í#$&% ó in thediffusionapproximation(see[8]), we
have: Û�Ü�Þ-ß$àáâ$ã ä åæ*ç�è Ü�Þ-ß$à êáâ0ëã ä åæ ëç è ì4ínî8ï áð ã ñ ï áð=ò óAô4ô ëõ æDö;÷ ù$ ��('*) ä+ å��� è,� '*) ä�åæ � � åæ*ç��  å��� è � 
 (1.13)

where: '*) ä å� è.- ä ø �/$0"Îè1�2$ ä ø �3"Îè54 � ù��76�686 for � ù�9 ø 6 (1.14)

Berkovits et al [9], [6] have obtainedan equivalent function, for a vanishing
boundaryconditions(

" í � ) andfor aslabof finite thickness.They considered
sourceslocatedat a distance

ù
from the boundary. For an infinite slab, their

formulagives
'*) ä å� è1- ø � � ù whichdiffersby a factorof 2 from Eq. (1.14).

Thenonlinearpartof thefield correlatoris obtainedin thelimit  ��� ù,9 ø :Û�ÜRÞ;: àáâ ã&ä åæ*ç�è Ü�Þ-ß$à�êáâ ëã ä åæ ëç è2ì4ínî0ï áð ã ñ ï áð=ò óAôkô ëõ æ ö ÷ $&<>=5? ô ö@ öß ù�A ä ø �3"Îè 4 �B ø ��� � øC åæ � � åæ*ç��  å��� C�D �E6�686
(1.15)

With thesame“ansatz”aswasproposedin theprevioussection,onecancollect
thetwo expressions(1.13)and(1.15)to getthe F ÞG: à correlationfunction:F ÞG: à) ínî ï áð ã;ñ ï áð=ò ÛIH áâ$ã ä�åæ*ç�èì ÛJH áâ0ëã ä�åæ ëç èì �KKKK '*) äML  � ö� �N$0= ä ø �O"ÎèQP öRTS è�� '*) ä L C åæ � � åæ*ç>�  å��� C ö �U$V= ä ø �O"ÎèWP öRTS è KKKK ö 

with

P RTS given by the formula (1.8). We have representedthe F ÞG:=à) function
in Figure1.4. For

P RTS í � , it exhibits two peakswhich correspondto thetwo
conditions å��� í å� ( åæ ë� í åæ � and åæ ëç í åæ ç ) like in thecorrelationin transmission
andfor åæ � � åæ�çX�  å��� í å� ( åæ ë� íN� åæ*ç and åæ ëç íN� åæ � ) which correspondsto the
time reverseddirections. As for the correlationin transmission,a non linear
decorrelationoccursthroughthecoefficient

P RTS .
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Correlationandbackscatteringin nonlinear randommedia. 7
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Figure 1.4 The reflectioncorrelationfunction in a non linear mediumasa function of two
variables:thebackscatteringanglethrough _T`�a andtheintensitythroughb>c(d . Thetwo peaks
occurrespectively for _fe` a�g eh and ei a,j ei�k j _fe` a�g eh .
Non linear coherent backscattering. Thenonlinearbackscatteringfrom a
randomandnonlinearabsorbingmediumhasbeenstudiedby Agranovitch et
al [2] andHeiderichetal [3]. They usedthesameperturbationalapproachand
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Figure 1.5 The enhancedbackscatteringcone for two valuesof the non linear absorbing
coefficient. (a) No absorption:o c�da gqp . (b) o c�da gsr h�t . o c(da hasbeendefinedin Eq.(1.17).

obtainedan expressionfor the coherentbackscatteringconeto first order inu . Beyondthis first orderof perturbation,onecanusethe“ansatz”described
previously. It gives,for vwyx vz&{}| vz&~ ,:���&�� a�� vz�~���� x �8� �� a�� � �� k2�0�!�� z �>�2������*�3� �� �{�� � � � |O� �5¡s¢ �G£Q¤ �¥T¦ ��§¨|�*� � w � | �� �{©� � � � |O� �5¡s¢ ��£+¤ �¥T¦ � §«ª¬ (1.16)

where
� { x�® ��� {>¯ � x � ¯ ® � �±° z�² � �&³�´�µG¶5· is thelinearabsorptionlengthof the

medium.Thebackscatteredintensitydependsonlyonthenonlinearcoefficient
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of absorptionthrough ¹sº¼»G½Q¾(¿ÀTÁ�Â and it is instructive to definea generalized
absorptionlength Ã ÀTÁÄ by:»ÆÅÃ À.ÁÄ Â ¿UÇ Å�È±É«Ê�Ë8ÌÎÍ&Ï »�Ð�ÑGÒ5Ó ÂÎÔ È&Õ » Å ÔfÖ Â Ê&Ë�ÌÎÍ&Ï »�Ð�ÑØ×�Ó Â5Ù ¿Ì ¿ Ú (1.17)

A morecompleteexpressionof thebackscatteringconeis now obtainedas:Û Í »�ÜÝ Â}ÞÛ Í Þ�ßáà0â Çäã*åNæ ÒÁ�ç�èéëê Ô ã1åNæ�ì Ý ¿ Ô » ÒÁ�ç(èé Â ¿ ê
ã*å�æ ÒÁ�ç�èéëê Ú (1.18)

All nonlinearcharacteristicsof themediumareputintoabsorptionlengthÃ ÀTÁÄ .
Thelineshapeof thebackscatteringconepresentsanusualangulardependance,
without thedip predictedby Agranovitch [2] andHeiderich[3].

Conlusion. In conclusion,we have developeda perturbationalapproachfor
calculatingthe correlationfunction of the intensity in a weakly non linear
randommedia.Theshortrangeaswell aslong rangecorrelationfunctionsof
thespecklepatternhavebeenobtainedasfunctionof theinput intensityandthe
anglesof scattering.Theresultwasanalyzedin a simpleway by introducing
a new characteristiclength ¾ ÀTÁ which incorporatestheingredientsof thenon
linearsusceptibilities,themultiple scatteringvia the light meanfreepathand
the incidentbeamintensity. By usingthis approach,a new expressionfor the
nonlinearbackscatteringconehasbeenproposed.
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