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We study fluctuations of the number of photocounts measured by an ideal photodetector illuminated by light
scattered in an amplifying disordered medium, below the threshold for random lasing. We show that the
variance of fluctuations and their correlation function carry information about fluctuating properties of the
medium. A direct link is established between the fluctuations of the number of photocounts due to the amplified
spontaneous emission �ASE� and the dimensionless conductance g of the medium. Our results suggest a
possibility of probing amplifying disordered media by analyzing statistics of their ASE, without illuminating
them from outside by a probe beam.
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I. INTRODUCTION

The interplay of multiple scattering and amplification can
lead to interesting and still poorly understood phenomena,
culminating in “random lasing” �1,2�. The random laser is a
strongly scattering disordered medium where losses due to
leakage of light through open boundaries are compensated
by amplification inside the medium �sustained due to some
external pump mechanism� so that lasing condition is ful-
filled despite the absence of an external cavity �3�. Similar to
conventional lasers �i.e., lasers composed of a transparent
amplifying medium inside a high-Q cavity� �4,5�, random
lasers start laser emission only when the pump power
reaches a threshold. Below the threshold, the system repre-
sents a “random laser amplifier:” it amplifies light propagat-
ing inside it �although the amplification is not strong enough
to compensate for losses� �6� and it is expected to exhibit
properties similar to that of conventional laser amplifiers �7�:
increased noise in transmission, amplified spontaneous emis-
sion �ASE�, etc. Random laser amplifiers are promising sys-
tems for studies of Anderson localization of light �8–10�,
and, more generally, of any interference effects in disordered
media because, on the one hand, the amplification gives in-
creased weight to long-lived quasimodes �or, equivalently, to
long wave paths inside the medium� and, on the other hand,
the system remains linear, in contrast to “true” random la-
sers, operating above threshold in strongly nonlinear re-
gimes. However, precisely because they operate below laser
threshold, laser amplifiers require full quantum treatment
that properly accounts for spontaneous emission processes
�4,5,7�. One of the quantities for which such a treatment is
crucial is the photocount probability distribution p�n�, giving
the probability of counting n photons at the output of the
amplifier during a given sampling time �. In the classical
picture, p�n� would be akin to that of a medium without
amplification, with a larger average value of n but with ex-
actly the same values of normalized higher statistical mo-
ments. In the quantum picture, which corresponds to the
physical reality observed in experiments, laser amplifiers are
known to add noise to the incident light and to generate a
noisy light field �ASE� even in the absence of an external
signal �4,5,7�. For random laser amplifiers with time-

independent properties �quenched disorder�, p�n� was stud-
ied by Beenakker and Patra in a series of papers �11–13�
using the methods of random-matrix theory. More recently,
Florescu and John have considered photon statistics of light
emitted by random lasers �14�.

In the present paper we study the first two statistical mo-
ments of p�n� for light transmitted through or emitted by
random laser amplifiers with fluctuating properties. A simple
example of such a system is a suspension of scattering cen-
ters �particles� in Brownian motion, with amplification either
in the background medium �typically, a laser dye� or in the
particles themselves. Such media are often used in experi-
ments on random lasers �15–21�. Because of the slow motion
of scattering centers, all possible configurations of disorder
are explored continuously, leading to continuous changes in
transmission and reflection coefficients of the medium. As a
consequence, two simple limits exist. First, for short sam-
pling times �, well below the correlation time tc of, say,
transmission coefficients �if the measurement is performed in
transmission�, the measurement yields the same result as if
the scattering centers were immobile �quenched disorder�. In
the opposite limit of very long sampling times �, much in
excess of tc, configurational average is effectively performed
due to the scatterer motion and the measurement directly
yields the ensemble average of the measured quantity �an-
nealed disorder�. However, only in these two limits can a
direct link between the results obtained for stationary and
fluctuating media be established. In the general case of arbi-
trary � and, in particular, when �� tc, the result will depend
on the particular type of scatterer dynamics and cannot be
predicted from a priori considerations. It is precisely this
general situation that we consider in the present paper. Our
analysis is rather general and applies to any random laser
amplifier with fluctuating properties. To be more specific, we
illustrate our main results on the particularly important ex-
ample of a liquid suspension of scattering particles in
Brownian motion, where amplification can take place either
in the particles, in the liquid, or in both.

II. INPUT-OUTPUT RELATIONS

We consider a slab of amplifying disordered medium with
time-dependent properties �see Fig. 1�. The slab has thick-
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ness L, much exceeding the mean-free path � due to scatter-
ing, and cross-sectional area A. The mean-free path is as-
sumed to far exceed the wavelength � of light under
consideration. At each frequency �, incident and scattered
waves can be decomposed over sets of 2N���=4�k2A /4�
�1 transverse modes supported by the slab. Here k=� /c
and c is the speed of light in the free space. In counting the
number of transverse modes we have taken into account two
propagation directions �from left to right and from right to
left� and two polarization states of the electromagnetic field.
In our notation N��� will stay for the number of left �or
right� propagating modes at each side of the slab. We will
use subscripts � and � for incoming modes, incident on the
slab from the left and from the right, respectively. They will
take values �=1, . . . ,N��� and �=N���+1, . . . ,2N���. The
outgoing modes will be numbered by 2N���+1, . . . ,3N���
for right-propagating modes and by 3N���+1, . . . ,4N��� for
left-propagating ones. The light incident on the slab is as-
sumed to be quasimonochromatic and corresponds to a
single mode �=a. It can be in arbitrary quantum state. All
other incoming modes are assumed to be in vacuum states.
Our purpose will be the analysis of photon statistics in the
outgoing mode b on the right of the random medium �see
Fig. 1� in the presence of a pump mechanism that ensures
amplification of light inside the slab. The amplification is
assumed to be uniform throughout the slab. It is character-
ized by the amplification time ta during which the amplitude
of a propagating wave is multiplied by e. The corresponding
amplification length is �a=cta. In the context of this paper,
we will not need to specify the physical mechanism through
which pumping is achieved.

In order to obtain the quantum-mechanical description of
the problem, we need to quantize the electromagnetic field.

This can be done in the usual way �7� by replacing the am-
plitudes of the incoming and outgoing modes a��� and their
complex conjugates a���� by annihilation and creation op-
erators â��� and â†���, respectively. These operators obey
the usual bosonic commutation relations,

�âi���, âj
†����� = 	ij	�� − ��� , �1�

where i and j run over all incoming or all outgoing modes.
Input-output relations between operators corresponding to
incoming and outgoing modes in the case of an amplifying
disordered slab with time-independent properties have been
established in Refs. �11–13,22�:

âb��� = �
�=1

N���

t�b���â���� + �
�=N���+1

2N���

r�b���â����

+ �



v
b
� ���ĉ


†��� . �2�

Here t�b and r�b are transmission and reflection coefficients
from the incoming modes � and �, respectively, to the out-
going mode b. The last sum in Eq. �2� describes spontaneous
emission of light in the amplifying medium, with 
 running
over “objects” �e.g., atoms or molecules� emitting at fre-
quency �. To be precise, the phenomenological model lead-
ing to Eq. �2� is based on the assumption that the interaction
of light with a linear amplifying medium can be modeled by
coupling of optical modes to a bath of inverted harmonic
oscillators �23�. The number of terms in the last sum of Eq.
�2� is then the number of oscillators in the bath, whereas the
bosonic operators ĉ
 obey

�ĉi���, ĉj
†����� = 	ij	�� − ��� , �3�

�ĉi���ĉj
†����� = − 	ij	�� − ������� , �4�

with ����= �exp��� /kT�−1�−1 and negative effective tem-
perature T0.

In a medium with time-dependent properties the input-
output relations �Eq. �2�� should be generalized and become

âb��� = 	
−�

�

d��
 �
�=1

N����

t̃�b��,���â�����

+ �
�=N����+1

2N����

r̃�b��,���â����� + �



ṽ
b
� ��,���ĉ


†����� .

�5�

Modes at different frequencies are not independent anymore:
the incident field at a given frequency �� can give rise to
outgoing waves at different frequencies ����. The physical
meaning of this can be understood on the simple example of
a suspension of scattering particles. Because of the thermal
motion of particles, scattered light will suffer from Doppler
broadening and hence will not be monochromatic even if the
incident light were. The Doppler broadening of transmitted,
reflected, and spontaneously emitted lights are described by
the coefficients t̃�b�� ,���, r̃�b�� ,���, and ṽ
b

� �� ,���,
respectively.

L

la

b

®

¯

pump

FIG. 1. A slab-shaped sample of thickness L is filled with an
amplifying disordered medium represented by discrete mobile scat-
tering centers �circles� with amplification of light either in the scat-
terers, in the surrounding medium, or in both. A spatially uniform
amplification is achieved through an external pump mechanism.
The slab is illuminated by a probe light in the incoming mode a; all
other incoming modes � and � �dashed arrows� are in vacuum
states. We are interested in the fluctuations of transmitted light in
the mode b. The polygonal dashed path inside the slab illustrates
multiple scattering of light with a mean-free path ��L. Wavy lines
with arrows symbolize stimulated and spontaneous emissions of
light by the medium.

V. YU. FEDOROV AND S. E. SKIPETROV PHYSICAL REVIEW A 79, 063822 �2009�

063822-2



Let us now show that Eq. �5� indeed describes a medium
with time-dependent properties. To this end we consider a
realistic situation of a measurement device sensitive only to
light within a narrow frequency band ����0 around the
frequency �0 of the incident wave. The bandwidth �� can
be due either to some technical limitations of the device or to
a bandpass filter put in front of it on purpose. Taking spectral
filtering into account, the result of any measurement per-
formed on the outgoing mode b can be expressed through an
inverse windowed Fourier transform âb�t� of âb���:

âb�t� =
1

�2�
	

�0−��/2

�0+��/2

d�e−i�tâb��� . �6�

An expression for âb�t� can be obtained from Eq. �5� by
applying the inverse windowed Fourier transform to its right-
hand side. For the first sum of Eq. �5�, for example, this
gives

1
�2�

	
�0−��/2

�0+��/2

d�e−i�t	
−�

�

d�� �
�=1

N����

t̃�b��,���â����� . �7�

We now introduce sum and difference variables �̄= ��
+��� /2 and �=�−��, and define a new transmission coef-
ficient depending on these variables: t�b��̄ ,��= t̃�b�� ,���.
As a function of �, the latter will be assumed to be different
from zero only in a narrow frequency band 	���� around
�=0, which corresponds to slow variation in the properties
of the random medium on the time scale of 1 /��. As a
consequence, not only the integration over � but also the
integration over �� will be effectively limited to the pass
band �� of the filter. We can therefore replace N���� in the
upper limit of summation in Eq. �7� by N��0�. To lighten the
notation we will drop the argument �0 of N��0� in the fol-
lowing and will write N=N��0�. Next, we assume that, as a
function of �̄, t�b vary significantly only on the scale of �
���. Then, because �, ��, and hence �̄ remain within the
pass band of the filter, we can replace the first argument �̄ of
t�b by �0 and obtain

1
�2�

�
�=1

N 	
�0−��/2

�0+��/2

d�e−i�t	
−�

�

d��t�b��0,� − ���â����� .

�8�

The next step is to represent t�b��0 ,�−��� as a Fourier
transform of t�b��0 , t�� and to perform the integration over
�. This yields

�
�=1

N 	
−�

�

d��	
−�

�

dt�e−i��t�−i�0�t−t��t�b��0,t��â�����	���t − t�� ,

�9�

where we defined

	���u� =
1

2�
	

−��/2

��/2

d�e−i�u =
��

2�
sinc��u

2
� , �10�

and sinc�x�=sin�x� /x. 	���u� tends to the Dirac delta func-
tion in the limit of ��→�. Because t�b��0 , t�� is a slowly
varying function of its second argument �time� and only vary

significantly on the scale of 1 /	��1 /�� while 	���u� is
peaked around t= t� and has a width of 1 /��, we can replace
t� by t in the argument of t�b��0 , t�� and take the latter out of
the integral in Eq. �9�. The remaining integrals over t� and ��
are easily calculated, leaving us with

�2��
�=1

N

t�b��0,t�â��t� , �11�

where â��t� is the windowed inverse Fourier transform of
â���� defined as in Eq. �6�. Finally, because the three re-
maining sums in Eq. �5� can be treated in the same way, we
obtain the input-output relations in the time domain:

âb�t� = �
�=1

N

t�b�t�â��t� + �
�=N+1

2N

r�b�t�â��t� + �



v
b
� �t�ĉ


†�t� ,

�12�

where t�b�t�=�2�t�b��0 , t�, and similarly for r�b and v
b
� ex-

cept that the Fourier transforms are defined with opposite
signs of i for v
b and ĉ
:

v
b
� ��0,t� =

1
�2�

	
−�

�

d�e−i�tv
b
� ��0,�� , �13�

ĉ

†�t� =

1
�2�

	
�0−��/2

�0+��/2

d�e−i�tĉ

†��� . �14�

We will use the input-output relations �Eq. �12�� in the re-
mainder of the paper. They are valid under the assumption of
	������, where 	� is the largest of the widths of Fou-
rier transforms of t�b�t�, r�b�t�, and v
b

� �t�; �� is the width of
the frequency band to which the measurement is limited, and
� is the typical scale of variations in t�b��0 , t�, r�b��0 , t�, and
v
b

� ��0 , t� as functions of the carrier frequency �0. Physi-
cally, the first condition 	���� means that we are consid-
ering the limit of slow variations in the properties of disor-
dered medium �small 	� and hence long typical times
�1 /	��, such that the broadening of the spectrum due to
these variations is well below ��. The second condition
���� allows us to neglect variations in the frequency-
dependent properties of the medium �such as the index of
refraction, the mean-free path, etc.� within the pass band ��.
This significantly simplifies calculations, and makes the re-
sults more general and not limited to a particular random
medium. The different time scales of the problem and their
hierarchy are illustrated in Fig. 2.

Working in the time domain requires commutation rela-
tion for time-dependent operators. These are easily obtained
from Eqs. �1� and �3�:

�âi�t�, âj
†�t��� = 	ij	���t − t��e−i�0�t−t��, �15�

�ĉi�t�, ĉj
†�t��� = 	ij	���t − t��ei�0�t−t��. �16�

Equation �4� in time domain becomes
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�ĉi�t�ĉj
†�t��� = − 	ij���0�	���t − t��ei�0�t−t��, �17�

where we have taken into account the condition ����0 and
approximated ���� by ���0� for all �� ��0−�� /2,�0
+�� /2�. Note that ���0�0 in an amplifying medium.

It will appear convenient in what follows to define
intensity transmission, reflection, and spontaneous emission
coefficients: T�b�t�= �t�b�t��2, R�b�t�= �r�b�t��2, and V
b�t�
= �v
b�t��2. Requiring that the commutation relations �Eq.
�15�� hold for the outgoing mode b and making use of the
slowness of variations in t�b�t�, r�b�t�, and v
b�t� on the scale
of 1 /��, we obtain an energy conservation law for our prob-
lem:

Tb�t� + Rb�t� − Vb�t� = 1, �18�

where we defined the total transmission, reflection, and
spontaneous emission coefficients: Tb�t�=��T�b�t�, Rb�t�
=��R�b�t�, and Vb�t�=�
V
b�t�. We note here that these
definitions of the total transmission and reflection coeffi-
cients Tb and Rb are equivalent to those usually used in me-
soscopic wave physics �24,25� except that they are defined
for a given outgoing mode �mode b� with summations in
their definitions running over all incoming modes, whereas
the usual definition is for a given incoming mode with sum-
mations running over all outgoing modes. For a reciprocal
medium, to which we will limit our consideration here, these
two definitions are of course equivalent. We also note the
appearance of a new quantity Vb�t� in Eq. �18�. This quantity
vanishes in the absence of amplification, when Tb�t�+Rb�t�
=1. In an amplifying medium, its appearance in Eq. �18�
illustrates that amplification �i.e., the condition Tb�t�+Rb�t�
�1� necessarily implies additional noise �the last sum in Eq.
�12��. This can be interpreted as a manifestation of the
fluctuation-dissipation theorem in this particular case.

III. AVERAGE NUMBER OF PHOTOCOUNTS

We now consider an ideal photodetector illuminated by
the outgoing mode b. The operator corresponding to the
number of photocounts registered by the photodetector dur-
ing a sampling time � is

n̂b = 	
0

�

dtâb
†�t�âb�t� . �19�

Using Eqs. �12� and �17� and the fact that all incoming
modes except a single mode a are in vacuum states, one
readily calculates the quantum-mechanical expectation value
of n̂b:

�n̂b� = 	
0

�

dtTab�t��âa
†�t�âa�t�� − ���0�

��

2�
	

0

�

dtVb�t� .

�20�

We will use angular brackets � . . . � to denote quantum-
mechanical expectation values from here on.

Equation �20� was obtained for arbitrary but given time-
dependent functions Tab�t� and Vb�t�. �n̂b� can fluctuate from
one realization of these two random functions to another. We
can perform ensemble averaging, denoted by a horizontal bar
� . . . �, over all possible random realizations of Tab�t� and
Vb�t�:

�n̂b� = T̄ab�n̂a� −
���

2�
���0�V̄b, �21�

where �n̂a� is the average number of photocounts that would
be counted by the same photodetector in the incident mode a
during the same time �, and the random processes Tab�t� and
Vb�t� are assumed stationary so that their statistical moments
are independent of time.

Equation �21� contains two terms. The first one describes
transmission of the incident light through the slab of ampli-
fying medium, whereas the second one represents the ASE of
the random medium. The average transmission and sponta-

neous emission coefficients T̄ab and V̄b entering Eq. �21� can
be calculated in the diffusion approximation �see Appendix
A�:

T̄ab =
1

N

sin��/La�
sin�L/La�

, �22�

V̄b =
sin��/La� + sin��L − ��/La�

sin�L/La�
− 1, �23�

where La=���a /3 is the macroscopic amplification length

and �a is the inverse amplification coefficient. Both T̄ab and

V̄b diverge at L /La=� which we identify as a laser threshold,
following previous literature �12,13,26,27�. Obviously, our
approach based on linear equation �12� can only be applied
below the threshold, i.e., for L /La�, which is a condition
for having a random laser amplifier and not a random laser.
The average transmission coefficient of a random laser am-

plifier T̄ab was previously studied in Refs. �26,27�. However,
the spontaneous emission coefficient Vb was not introduced
previously, even though ASE of a random amplifying me-

dium was studied in Refs. �11,13�. We show V̄b as a function
of L /La in Fig. 3. The fraction of photocounts due to ampli-
fied spontaneous emission in the total signal can be found by
dividing the second term in Eq. �21� by �n̂b�:

¢!

±!

!
0

¡

! 0 !

t
®b
(!,! 0)t

®b
(!,!)

FIG. 2. �Color online� Frequency scales of the problem. The
wide dashed curve schematizes the slow dependence of the trans-
mission coefficient t�b�� ,��� on �=��. The narrow solid curve
depicts the dependence of this coefficient on ����. When �� is
varied, the latter curve shifts along � axis, keeping its overall shape
and remaining centered at ��. Its maximum touches the curve
t�b�� ,��. The width 	� of the solid curve is much smaller than the
width � of the dashed curve. A bandpass spectral filter limits any
measurement to a frequency band centered at �0. The pass band of
the filter �� obeys 	������.
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� =
− ���0�V̄b���/�2��

�n̂b�
. �24�

We will find this quantity useful later. It varies between zero
�no spontaneous emission� and one �no incoming light�.

We will see that in the following an important role will be
played by the average dimensionless conductance of the dis-
ordered slab in the absence of amplification �La→��, equal
to the transmittance T and defined as

g � T =
4

3�
�,b

T̄�b =
4

3
N

�

L
. �25�

Because we do not treat the dependence of T̄�b on � and b in

full �in reality, T̄�b is not independent of � and b but contains
slowly varying dependences on the directions of propagation
of corresponding modes �24��, we added a factor 4

3 in front of
the sum over modes in Eq. �25�. This makes the final expres-
sion for g consistent with its standard definition �24,25�. A
transition from diffuse multiple scattering to Anderson local-
ization is expected at g�1 �9�. In the present paper we only
consider the case of g�1.

IV. VARIANCE OF PHOTOCOUNT DISTRIBUTION

We now proceed to the calculation of the fluctuations in
the photocount number. These fluctuations can be of classical
or quantum origin. Classical fluctuations arise because the
transmission coefficient Tab�t� fluctuates in time and from
one realization of disorder to another. The fluctuations of
Tab�t� can be characterized by its autocorrelation function

CTabTab
�t� =

Tab�t��Tab�t� + t�

T̄ab
2

− 1. �26�

Quantum fluctuations appear due to the nonclassical nature
of light in the incoming mode a and spontaneous emission of
light by the atoms in the random medium. The degree of
“quantumness” of the incident light can be quantified by the

Mandel parameter Qa=var�n̂a� / �n̂a�−1 �7�, where var�n̂a�
= �n̂a

2�− �n̂a�2, whereas the intensity of spontaneous emission
is controlled by the Bose-Einstein function ���0�. Because
both the incident light and the spontaneous emission have to
cross the whole or a part of the disordered medium in order
to be detected in the outgoing mode b, quantum fluctuations
will be “weighted” by the fluctuations of classical coeffi-
cients Tab and Vb in the final result for the variance of n̂b. In
particular, we will see that, in addition to Eq. �26�, the fol-
lowing correlation functions appear:

CTabVb
�t� =

Tab�t��Vb�t� + t�

T̄abV̄b

− 1, �27�

CVbVb
�t� =

Vb�t��Vb�t� + t�

V̄b
2

− 1. �28�

The calculation of correlation functions CTabTab
�t�, CTabVb

�t�,
and CVbVb

�t� is presented in Appendixes B–D, respectively.
In order to calculate these correlation functions, we excluded
the immediate vicinity of the laser threshold from our con-
sideration and assumed that �=1−L /�La�1 /�g, where, we
remind, g�1.

With these definitions in hand, we start by calculating the
quantum-mechanical expectation value of n̂b

2,

�n̂b
2� = 	

0

�

dt1	
0

�

dt2�âb
†�t1�âb�t1�âb

†�t2�âb�t2�� . �29�

In addition to the assumption of slow variations in t�b�t�,
r�b�t�, and v
b

� �t� on the scale of 1 /��, adopted in the pre-
vious sections, we restrict our consideration to stationary
monochromatic incident light in the mode a, for which Ia
= �âa

†�t�âa�t�� and Fa= �âa
†�t�âa

†�t��âa�t�âa�t��� are time inde-
pendent, and �âa

†���âa�����=2�Ia	��−���	��−�0�. A rela-
tively simple result for �n̂b

2� can be then obtained in the limit
of long measurement time ��1 /��:

�n̂b
2� = �n̂b� + Fa	

0

�

dt	
0

�

dt�Tab�t�Tab�t�� − 2Ia���0�

�
��

2�
	

0

�

dt	
0

�

dt�Tab�t�Vb�t�� + 	
0

�

dtTab�t�Vb�t��
+ �2��0��
��

2�
	

0

�

dtVb�t��2

+
��

2�
	

0

�

dtVb
2�t�� .

�30�

We will characterize fluctuations of n̂b by their variance
var�n̂b�= �n̂b

2�− ��n̂b��2, divided by the square of the average
number of photocounts: 	b

2=var�n̂b� / ��n̂b��2. To calculate 	b
2,

we average Eq. �30� over an ensemble of realizations of the
disordered medium, use Eq. �21� for �n̂b� and definition �24�
for �. This yields
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FIG. 3. �Color online� Average amplified spontaneous emission

coefficient V̄b as a function of the ratio of the slab thickness L to the
amplification length La for three different thicknesses L /�=10, 100,
and 1000. Dashed lines show asymptotes for x→0 and x→� in the
case of L /�=10.
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	b
2 =

1

�n̂b�
�1 + �T̄b 2�Ia

N��
�

��2�1 + CTabVb
�0�� +

�

1 − �
�1 + CVbVb

�0����
+ �1 − ��2
1 +

Qa

�n̂a�
�	TabTab

2 +
Qa

�n̂a��
+ 2��1 − ��	TabVb

2 + �2	VbVb

2 , �31�

where 	TabTab

2 = �2 /���0
��1− t /��CTabTab

�t�dt, and similarly for
	TabVb

2 and 	VbVb

2 . This equation is the main result of the paper.
To discuss the meaning of different terms in Eq. �31�, let

us first consider the situation when the spontaneous emission
is absent ��=0�. Equation �31� then reduces to the result
obtained previously in Ref. �28�. It contains the shot noise
1 / �n̂b� due to the fact that the energy of the electromagnetic
field in the outgoing mode b can be absorbed by the detector
only in discrete portions �quanta� ��, the classical noise
	TabTab

2 due to the fluctuations of the classical transmission
coefficient Tab, and a combined term Qa�1+	TabTab

2 � / �n̂a� that
vanishes for light in the coherent �“classical”� state for which
Qa=0, and can be either positive or negative for nonclassical
light �e.g., light in Fock or squeezed states� �28�. When the
spontaneous emission is present ���0�, the situation is more
complex and all terms of Eq. �31� have to be taken into
account. The terms of Eq. �31� containing CVbVb

�0� and 	VbVb

2

originate from the spontaneous emission alone, whereas
those containing CTabVb

�0� and 	TabVb

2 represent the interfer-
ence of the incoming light with the spontaneous emission.

Because Eq. �31� is quite lengthy and difficult to analyze
in its general form, we will restrict our consideration to two
particularly interesting cases. The first case corresponds to a
strong incoming wave such that Ia�0, and the fraction of
spontaneous emission in the total number of photocounts in
the outgoing mode b is small: ��1. In this limit, we will
expand Eq. �31� in power series in � and will keep only
linear terms �Sec. IV A�. The second case corresponds to the
absence of incoming wave �Ia=0 and �=1�. The outgoing
light in the mode b is then due uniquely to the amplified
spontaneous emission �Sec. IV B�.

A. Strong incident wave

When the incident wave in the incoming mode a is strong
and the fraction of photocounts due to the amplified sponta-
neous emission in the outgoing mode b is small, we can
develop Eq. �31� in series in ��1 and keep only linear
terms. To be specific, we assume that the incident wave is in
the coherent state �Qa=0�. After a substitution of Eq. �24� for
�, the normalized variance of photocount fluctuations can be
written as

	b
2 =

1

�n̂b�
�1 − 2���0�V̄b�1 + CTabVb

�0��� +
2���0�V̄b

T̄b

N��

2�Ia
�

��	TabTab

2 − 	TabVb

2 � + 	TabTab

2 . �32�

For the amplifying medium with time-independent static

properties, 	TabTab

2 =CTabTab
�0��1 and 	TabVb

2 =CTabVb
�0�

�1 /g. The latter quantity is shown in Fig. 4 as a function of
the ratio of slab thickness L to the amplification length La.
Equation �32� then becomes

	b
2 =

1

�n̂b�
�1 − 2���0�V̄b�1 + CTabVb

�0��� +
2���0�V̄b

T̄b

N��

2�Ia
�

��CTabTab
�0� − CTabVb

�0�� + CTabTab
�0� . �33�

This result differs from the result of Patra and Beenakker
�13� because averaging over realizations of disorder was per-
formed in a different way in that work. A result consistent
with Ref. �13� is obtained by setting CTabTab

�0�=0 and

CTabVb
�0�=0: 	b

2= �1−2���0�V̄b� / �n̂b�. Obviously, this corre-
sponds to neglecting fluctuations of Tab and Vb from one
realization of disorder to another.

Surprisingly, the different way of averaging over disorder
may have an important influence on seemingly very general
conclusions that one makes by analyzing the variance of n̂b.

Indeed, in the limit of weak amplification V̄b�1 and for
g�1 and ����1, we readily obtain from Eq. �33� that

var n̂b = 	b
2��n̂b��2 � �n̂b� + ��n̂b��2 + 2� ��0�V̄b�n̂b����� /2��,

where the first term describes the shot noise, the second de-
scribes large intensity fluctuations due to disorder in the me-
dium �29�, and the last one can be interpreted as an excess
noise due to the amplified spontaneous emission. Note that
because ���0�0 in an amplifying medium, the excess
noise is negative. This result, also illustrated in Fig. 5, is a
consequence of the interplay between quantum fluctuations
due to the interference of the incident light with the ampli-
fied spontaneous emission, and classical fluctuations due to
the randomness of the transmission and spontaneous emis-
sion coefficients Tab and Vb. It seems to be in conflict with
the positive excess noise found in Ref. �13� but the solution
of this contradiction lies in different ways of averaging over
disorder: we consider var n̂b= �n̂b

2�− ��n̂b��2 instead of
var� n̂b= �n̂b

2�− �n̂b�2 in Ref. �13�. When we calculate the lat-

ter quantity, we find var� n̂b= �n̂b�−2���0�V̄b�n̂b� and the ex-
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FIG. 4. �Color online� Correlation function CTabVb
�0�

=TabVb / �T̄abV̄b�−1 as a function of the ratio of slab thickness to the
amplification length, x=L /La. Dashed lines show asymptotes for
x→0 and x→�.
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cess noise is positive, in agreement with �13�. An important
conclusion of this analysis is that, if theoretical results are
compared to experiments, care should be taken to ensure that
averaging is performed in an appropriate way. In a medium
with fluctuating properties, the simultaneous quantum and
disorder averages � . . . � that we use is the only experimentally
feasible option because both are typically replaced by time
averages and it is hence not possible to perform the quantum
average � . . . � without performing averaging over disorder
� . . . � �28,30�.

Let us now analyze the behavior of Eq. �32� as a function
of �n̂b�. To be more specific, we restrict our consideration to
the case when the random medium represents itself an en-
semble of pointlike scattering centers in Brownian motion
with diffusion coefficient DB. In this situation, the motion of
scatterers introduces a characteristic time tc= 2

3 t0�� /L�2,
where t0=1 /4k2DB. This is the typical correlation time of
transmitted light. We find it convenient to introduce the av-
erage number of photons �n̂b�c detected during a sampling
time equal to tc. Three distinct regimes can then be identified
in the dependence of 	b

2 on �n̂b�. First, for �n̂b�1, Eq. �32�
is dominated by the first term on its right-hand side: 	b

2

�1 / �n̂b�. Second, when �n̂b� becomes of the order of one,
another two terms on the right-hand side of Eq. �32� come
into play. In the limit of �n̂b�� �n̂b�c, we find from the results
of Appendix B that 	TabTab

2 �C1�n̂b�c / �n̂b�+ �C2 /g���n̂b�c /
�n̂b��1/2, where C1 and C2 are constants and the two contri-
butions to 	TabTab

2 are due to the correlation functions
CTabTab

�1� �t� and CTabTab

�2� �t�, respectively. These are the short-
and long-range correlation functions defined in Appendix B.
Using results of Appendix C, we also find 	TabVb

2

� �1 /g���n̂b�c / �n̂b��1/2. As long as �n̂b�g2�n̂b�c, the first term
of 	TabTab

2 dominates and we obtain 	b
2�1 / �n̂b�, similarly to

the case of �n̂b� �n̂b�c, but with a different coefficient. How-
ever, the truly large-�n̂b� behavior is reached for �n̂b�
�g2�n̂b�c, when the second term of 	TabTab

2 and 	TabVb

2 become
larger than the first term of 	TabTab

2 ; 	b
2�1 / �n̂b�1/2 in this limit.

We illustrate the three regimes in the dependence of 	b
2 on

�n̂b� and transitions between them in Fig. 5.

B. Noise in the amplified spontaneous emission

We saw in the previous section that the interference of a
strong incident wave in the coherent state with the weak
amplified spontaneous emission in an amplifying random
medium modifies noise properties of the transmitted light.
We now consider another special case of general equation
�31�: a situation when no light is sent into the random me-
dium from the outside �i.e., �n̂a�=0� and the signal measured
in the outgoing mode b is due uniquely to the amplified
spontaneous emission of the medium itself. One readily sees
from Eqs. �21� and �31� that in this case

�n̂b� = −
���

2�
���0�V̄b, �34�

	b
2 =

1

�n̂b�
�1 − ���0�V̄b�1 + CVbVb

�0��� + 	VbVb

2 . �35�

Once again, we recover the result obtained previously �11�,
	b

2=1 / �n̂b�+2� /���, if we neglect fluctuations of Vb from
one realization of disorder to another, and set CVbVb

�0�=0
and 	VbVb

=0. It is true that these fluctuations are weak:
CVbVb

�0��1 /g�1 and 	VbVb
�1 /g�1 in the limit of weak

amplification but they grow when the laser threshold is ap-
proached and even diverge at the threshold �see Figs. 6 and
8�.

In order to study the behavior of Eq. �35� as a function of
�n̂b�, we first consider how 	VbVb

2 depends on the sampling
time �. 	VbVb

2 is an integral of CVbVb
�t� multiplied by �1

− t /�� and divided by � /2. For an ensemble of scattering
centers in Brownian motion, CVbVb

�t� is calculated in Appen-
dix D and we show it in Fig. 7 for several values of L /La. In
the limit of short sampling times �, we have 	VbVb

2

=CVbVb
�0� with CVbVb

�0� given by Eq. �D3� of Appendix D
and shown as a function of L /La in Fig. 6. In the limit of
long sampling times, the scaling of 	VbVb

2 with � is deter-
mined by the long-time asymptotics of CVbVb

�t�. It follows
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FIG. 5. �Color online� Normalized variance of photon number
fluctuations in transmission of a strong incident wave through a slab
of amplifying disordered medium. For this figure, we set slab thick-
ness L /�=100, �n̂b�c=10, 2�Ia /N��=10, g=100, and ���0�=−1
�i.e., T→0−�. The two curves correspond to L /La=0 �no amplifica-
tion� and 1. Note that the curve corresponding to L /La=1 is slightly
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2−1 as a function of
the ratio of slab thickness L to the amplification length La.
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from Eq. �D2� of Appendix D that CVbVb
�t�=�tc / t /g with tc

= 2
3 t0�� /L�2 in the limit of t� tc. This yields 	VbVb

2

= �8 /3g��tc /�. This asymptotic behavior of 	VbVb

2 is illus-
trated in Fig. 8. Because according to Eq. �34�, �n̂b���, we
can replace the ratio tc /� by a ratio �n̂b�c / �n̂b� with �n̂b�c
denoting the average number of photocounts in a sampling
time equal to tc. We therefore obtain 	VbVb

2

= �8 /3g���n̂b�c / �n̂b�.
We are now in a position to analyze the behavior of 	b

2 as
a function of �n̂b�. At small �n̂b�, 	VbVb

2 can be neglected with
respect to the first term in Eq. �35� and we obtain 	b

2

�1 / �n̂b�. But even though initially small, 	VbVb

2 decays with
�n̂b� only as 1 / �n̂b�1/2, which is due to the long-range nature
of the correlation function CVbVb

�t�. As a consequence, 	VbVb

2

dominates the results in the limit of large �n̂b�:

	b
2 =

8

3g
��n̂b�c

�n̂b�
, �n̂b� → � . �36�

The transition between the small- and large-�n̂b� regimes in
the dependence of 	b

2 on �n̂b� takes place when 1 / �n̂b�
�	VbVb

2 , i.e., at �n̂b��g if �n̂b�c�g or at �n̂b��g2 / �n̂b�c oth-
erwise. We illustrate the transition between the two regimes
in Fig. 9.

Our result �36� calls for two important comments. First, it
makes an interesting link between random lasers and Ander-
son localization �8�. Indeed, Eq. �36� states that, in the limit

of large average photon numbers, the noise of the amplified
spontaneous emission is proportional to 1 /g, with g—the
dimensionless conductance of the disordered medium—
determining the closeness of the Anderson localization tran-
sition, expected at g=1 �9�. This suggests that g of a disor-
dered sample can be measured by observing fluctuations of
its amplified spontaneous emission. Another interesting ob-
servation is that Eq. �36� contains the average number of
photocounts in a time interval equal to the correlation time of
light scattered in the disordered medium, tc. Therefore, it
appears possible to obtain useful information about the dy-
namics of scattering centers in a random medium �e.g., the
diffusion coefficient of particles in suspension� from the fluc-
tuations of amplified spontaneous emission. This “noise
spectroscopy” can be made even more efficient by using full
Eq. �35� to fit the whole curve 	b

2��n̂b�� and not only its
large-�n̂b� part.

V. PHOTON CORRELATION SPECTROSCOPY IN A
RANDOM LASER AMPLIFIER

In addition to the variance, another important quantity
characterizing a fluctuating signal is the autocorrelation func-
tion of its fluctuations. The technique that uses the autocor-
relation function of photon number fluctuations to character-
ize disordered media is known as photon correlation
spectroscopy �PCS� �31�. Typically, one measures the auto-
correlation function of photocounts detected by a photode-
tector in a mode b of light scattered by a disordered sample:

Cnbnb
�t� =

�n̂b�t��n̂b�t� + t��
�n̂b�t��� �n̂b�t� + t��

− 1, �37�

where

n̂b�t�� = 	
t�

t�+�

dt�âb
†�t��âb�t�� �38�

is the operator corresponding to the number of photocounts
measured by the photodetector in the time interval �t� , t�

0.1 1 10 50

0.1

1

10
1
y

L/La = 0
1.5
3
π

Time y =
�

t/tc

g
C

V
b
V

b
(t

)

FIG. 7. �Color online� Correlation function CVbVb
�t� as a func-

tion of the square root of normalized time y=�t / tc for several val-
ues of the ratio L /La.

0.1 1 10 100

0.1

1

10
1
y

L/La = 0
1.5
3

Sampling time y =
�

τ/tc

g
δ2 V

b
V

b

FIG. 8. �Color online� The most interesting contribution to the
normalized variance of photocount fluctuations, 	VbVb

2 , as a function
of the square root of normalized sampling time y=�� / tc for several
values of the ratio L /La.

1

�n̂b�

1√
�n̂b�

0.1 1 10 100 103 104 105 106 107

0.01

0.1

1

10

10−4

10−3

g

g2

�n̂b�c
L/La = 0
2.5
3

Number of photons �n̂b�

F
lu

ct
ua

ti
on

s
δ2 b

FIG. 9. �Color online� Normalized variance of photocount fluc-
tuations 	b

2 resulting from the amplified spontaneous emission of a
disordered slab of thickness L. The three curves correspond to three
different values of the ratio of L to the amplification length La.
Other parameters are set to L /�=100, �n̂b�c=10, g=100, and
���0�=−1.

V. YU. FEDOROV AND S. E. SKIPETROV PHYSICAL REVIEW A 79, 063822 �2009�

063822-8



+��. In a medium with fluctuating properties �such as, e.g., a
suspension of dielectric particles�, Cnbnb

�t� contains informa-
tion about the type and the intensity of fluctuations intrinsic
to the medium �such as, e.g., the type of particle motion—
Brownian, directed, arrested dynamics, etc.—and its typical
velocity�. In optically dense media where light undergoes
multiple scattering, PCS is most often called diffusing-wave
spectroscopy �31,32�.

Autocorrelation function �37� of light transmitted through
a slab of amplifying random medium can be calculated using
methods developed in Sec. IV. In fact, the normalized vari-
ance of photon number fluctuations 	b

2 is nothing else than
Cnbnb

�0�. In the present section, we will restrict our consid-
eration to t��, i.e., we will be interested in the correlation of
photocounts corresponding to two nonoverlapping time inter-
vals of equal duration �. Using Eq. �12�, commutation rela-
tions �15� and �16�, and Eq. �17�, we readily obtain

�n̂b�t��n̂b�t� + t�� = 	
t�

t�+�

dt1	
t�+t

t�+t+�

dt2

�
Tab�t1�Tab�t2��âa
†�t1�âa

†�t2�âa�t1�âa�t2��

− 2
��

2�
���0�Tab�t1�Vb�t2��âa

†�t1�âa�t1��

+ ��

2�
�2

�2��0�Vb�t1�Vb�t2�� , �39�

where the limit of long sampling times ��1 /�� was taken.
Note that here, in contrast to Eq. �30� of Sec. IV, we did not
assume that �âa

†�t1�âa�t1�� and �âa
†�t1�âa

†�t2�âa�t1�âa�t2�� are
time independent. We will not need this assumption in this
section.

We now average Eq. �39� over realizations of disorder,
and assume that the correlation functions CTabTab

�t�,
CTabVb

�t�, and CVbVb
�t� do not vary significantly on the time

scale of �. �Please note that this situation is different from the
one considered in Sec. IV, where the main idea was precisely
to take into account fluctuations of Tab and Vb on times
shorter than �.� After a series of algebraic transformations
we finally obtain

Cnbnb
�t� = �1 − ��2��1 + Cnana

�t��CTabTab
�t� + Cnana

�t��

+ 2��1 − ��CTabVb
�t� + �2CVbVb

�t� , �40�

where � is the fraction of photocounts due to the amplified
spontaneous emission defined by Eq. �24�, the correlation
function of photocounts in the incident mode a, Cnana

�t�, is
defined in the same way as Cnbnb

�t�, and CTabTab
�t�, CTabVb

�t�,
and CVbVb

�t� are defined by Eqs. �26�–�28�.
The structure of Eq. �40� is similar to that of Eq. �31�. The

first term is the only one to survive in the absence of ampli-
fied spontaneous emission ��=0�. In this case, Eq. �40� re-
duces to the result previously obtained in Ref. �28�. The sec-
ond term, proportional to ��1−��, represents the
interference of external light with the amplified spontaneous
emission and requires that both are present �i.e., that 0�

1�. Expanding Eq. �40� in series in ��1, we can see that,
similarly to what happens to 	b

2, the amplified spontaneous
emission provides a small correction to �=0 result. The most
interesting limit of Eq. �40� is the limit of �=1, correspond-
ing to the absence of external illumination. In this limit, only
the last term of Eq. �40�, representing the autocorrelation
function of the amplified spontaneous emission, survives and

Cnbnb
�t� = CVbVb

�t� . �41�

For an ensemble of pointlike scattering centers in Brownian
motion, this correlation function is given by Eq. �D2� of
Appendix D and we show it in Fig. 7. For weak amplification
x=L /La�1, it is small in magnitude ��1 /g� for g�1 but it
grows with x. CVbVb

�0� diverges at the laser threshold x=�
�see Fig. 6�. Interestingly, CVbVb

�t� is long range in time and
decays only as 1 /�t. Long-range spatial correlations of simi-
lar origin have been previously reported by Patra and
Beenakker �12�. A unique feature of our result �41� is that it
contains information about the dynamics of fluctuations in
the disordered medium �e.g., information about dynamics of
scattering centers�. Measurements of Cnbnb

�t� can therefore
be used for spectroscopy of disordered media, even in the
absence of external light source.

VI. CONCLUSIONS

We presented a theoretical study of noise in the number of
photocounts measured by an ideal fast photodetector illumi-
nated by a single mode b of light emerging from an ampli-
fying disordered medium �random laser amplifier� with fluc-
tuating properties. Assuming that the photodetector is
sensitive only to light in a small frequency band ��, we
derived general expressions for the normalized variance 	b

2

and autocorrelation function Cnbnb
�t� of photocount fluctua-

tions in the limit of long sampling times ��1 /��. Because
light in the mode b contains a mixture of transmitted incident
light and light spontaneously emitted and then amplified by
the medium, the fraction of light due to the amplified spon-
taneous emission � appears as a natural parameter that con-
trols the behavior of 	b

2 and Cnbnb
�t�. For 	b

2, two distinct
regimes were identified and studied in detail. First, when �
�1, the overall behavior of 	b

2 remains qualitatively similar
to that at �=0. For a suspension of scattering centers in
Brownian motion, for example, we found 	b

2�1 / �n̂b� in the
limit of �n̂b�→0 and 	b

2�1 /g�n̂b�1/2 in the limit of �n̂b�→�,
with g being the dimensionless conductance of the disor-
dered sample in the absence of amplification. Second, when
�=1, i.e., in the absence of external illumination, our result
describes statistical properties of light spontaneously emitted
by a random laser amplifier. We have found 	b

2�1 /g�n̂b�1/2 in
the limit of �n̂b�→� for this case.

For Cnbnb
�t�, the two regimes ��1 and �=1 exist as well,

with the most interesting result Cnbnb
�t��1 /g�t obtained for

the latter one. This long-range time correlation of the ampli-
fied spontaneous emission could possibly be used to probe
dynamics of scattering centers in random media.

Our results allow us to establish an interesting link be-
tween random amplifying media and Anderson localization.
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We have found that for the amplified spontaneous emission,
both 	b

2 and Cnbnb
�t� are inversely proportional to the dimen-

sionless conductance g of the disordered medium �we remind
that the localization transition is expected at g=1�. Our re-
sults suggest that measurements of 	b

2 and Cnbnb
�t� in a ran-

dom laser amplifier could allow a precise determination of g.
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APPENDIX A: AVERAGE TRANSMISSION, REFLECTION,
AND SPONTANEOUS EMISSION COEFFICIENTS OF

AN AMPLIFYING DISORDERED MEDIUM

In this Appendix, as well as in the three next Appendixes
B–D, we will ignore the vector nature of electromagnetic
waves, except for the expression of the number of transverse
modes N=k2A /2� which is calculated with a proper account
for two independent polarizations states. Such a simplifica-
tion is sufficient for our purposes because the key properties
of average transmission, reflection, and spontaneous emis-
sion coefficients, as well as the properties of their correla-
tions functions that we use in the main text are the same for
vector and scalar waves.

For distances exceeding the mean-free path �, the trans-
port of light in disordered media can be described in the
diffusion approximation. A fundamental quantity through
which many other quantities can be expressed is then the
Green’s function of the diffusion equation G�r ,r�� obeying

D��2 − �2�G�r,r�� = 	�r − r�� , �A1�

where D=c� /3 is the photon diffusion coefficient, c is the
speed of light in the medium, and � is a parameter that we
will specify later. In a slab of thickness L and surface A
�L2, perpendicular to the z axis, boundary conditions are
G=0 at the surfaces z=0 and z=L, and the solution of Eq.
�A1� reads

G�r,r�� = −
1

D�2��2	 d2qe−iq·��−���

�
sinh��q2 + �2z�sinh��q2 + �2�L − z���

�q2 + �2 sinh��q2 + �2L�
,

�A2�

with r= �� ,z�, z=min�z ,z��, and z�=max�z ,z��. The aver-
age intensity of light inside a slab of amplifying medium

Ī��r�, resulting from a plane-wave incident on the slab in the
mode �, obeys the diffusion equation �A1� with �2=−1 /La

2

and −	�z−�� /A on the right-hand side. Here La=���a /3 is
the macroscopic amplification length and 1 /�a is the ampli-

fication coefficient. Ī��r� can be therefore expressed through
the Green’s function �Eq. �A2�� as

Ī��r� � −
1

A
	 d3r�G�r,r��	�z� − �� , �A3�

with the integral over the volume of the slab. The average
transmission and reflection coefficients from the incoming
modes � and �, respectively, to the outgoing mode b are

T̄�b = −
4�D

k2

�

�z
Ī��r��z=L =

1

N

sin��/La�
sin�L/La�

, �A4�

R̄�b =
4�D

k2

�

�z
Ī��r��z=0 =

1

N

sin��L − ��/La�
sin�L/La�

. �A5�

Within the approximations that we made in this paper, these
results are independent of the mode indices �, �, and b.

More accurate considerations show that both T̄�b and R̄�b
exhibit slow dependences on �, �, and b �24,25�. In addition,
a coherent backscattering cone exists in reflection �25�.
These corrections to T̄�b and R̄�b might be important if a
quantitative comparison with experiments is attempted but
we neglect them here because they introduce additional tech-
nical complications in the analysis without bringing any
qualitatively new physics.

The total transmission and reflection coefficients, as well
as the spontaneous emission coefficient then follow from
Eqs. �A4� and �A5�:

T̄b = �
�

T̄�b =
sin��/La�
sin�L/La�

, �A6�

R̄b = �
�

R̄�b =
sin��L − ��/La�

sin�L/La�
, �A7�

V̄b = T̄b + R̄b − 1 =
sin��/La� + sin��L − ��/La�

sin�L/La�
− 1.

�A8�

This completes derivation of Eqs. �22� and �23� of the main
text.

APPENDIX B: CORRELATION FUNCTION OF T�b(t)

The correlation function CT�bT�b
�t� defined in Eq. �26� can

be decomposed into a sum of a large but short-range part
CT�bT�b

�1� �t� and a small but long-range part CT�bT�b

�2� �t�
�24,25,27,33�. Because we will need it later, we consider a
more general object CT�bT��b

�t� where �� can be different

from �. The short-range part of the correlation function,
CT�bT��b

�1� �t�, can be obtained from the autocorrelation function

C����r , t�= �E��r , t��E��
� �r , t�+ t��, where E��r , t� is the com-

plex electric field inside the disordered medium illuminated
by a wave in the incoming mode �. If the time dependence
of E��r , t� is due to the motion of scattering centers in the
medium, C����r , t� obeys the same diffusion equation as the

average intensity Ī��r� but with �2=�q�
2 +
2�t�−1 /La

2, where
�q�=q�−q�� is the difference of transverse components q
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of wave vectors k= �q ,kz� of the incoming modes � and ��.

�t� describes decorrelation due to the motion of scattering
centers and depends on the type and intensity of motion. For
Brownian motion with a diffusion coefficient DB, 
2�t�
=3t /2t0�2 with t0=1 /4k2DB. Using the circular Gaussian sta-
tistics of E��r , t�, we obtain

CT�bT��b

�1� �t� =
1

T̄�b
2
4�D

k2A
�2� �

�z
C����r,t��z=L�2

= 	���� sinh���
2�t� − 1/La
2�

sinh�L�
2�t� − 1/La
2�

sin�L/La�
sin��/La� �2

.

�B1�

This correlation function is short range in both time and
space. It decays exponentially with time t and it vanishes for
����. In the absence of amplification �La→��, the corre-
lation time of the fluctuations of T�b is tc= 2

3 t0�� /L�2.
In order to calculate the long-range part of the correlation

function, CT�bT��b

�2� �t�, we apply the well-known Langevin ap-

proach which we generalize to include both amplification �as
in Refs. �26,27�� and motion of scattering centers �as in Ref.

�34��. The fluctuation of intensity 	I��r , t�= I��r , t�− Ī��r�
obeys a diffusion equation

D��2 + 1/La
2�	I��r,t� = div j��r,t� , �B2�

with uncorrelated external Langevin currents

j�
�i��r,t��j��

�j��r,t� + t� = 	ij
2��c2

3k2 �C����r,t��2	�r − r�� .

�B3�

Using the relation

	T�b�t� = −
4�D

k2A
	 d2�

�

�z
	I��r,t��z=L, �B4�

we obtain

	T�b�t��	T��b�t� + t�

=
2��c2

3k2 4�D

k2A
�2

A
�

�z

�

�z�
	

0

L

dz�
�

�z�
G̃�z,z��

�
�

�z�
G̃�z�,z���C����r�,t��2�z=z�=L, �B5�

where 	T�b�t�=T�b�t�− T̄�b and G̃�z ,z��=�d2��G�r ,r�� is
the q=0 Fourier transform of G�r ,r�� with respect to �

−��. Evaluating the integral in Eq. �B5�, dividing it by T̄�b
2 ,

and taking the limit of L /��1, we arrive at the following
result:

CT�bT��b

�2a� �t� =
1

g
F2�L/La,L�
2�t� + �q�

2� , �B6�

where g= 4
3N� /L is the dimensionless conductance and

F2�x,y� =
1

4xy2 sinh2�y2 − x2� x�2y2 − x2�
�y2 − x2

sinh 2�y2 − x2

− 2xy2 − �y2 − x2�sin 2x� . �B7�

For y=0, corresponding to t=0, Eq. �B7� becomes

F2�x,y� =
1

4

2 −

cotan x

x
+

1

sin2 x
� . �B8�

It is quite generally known that another contribution to the
long-range correlation function CT�bT��b�

�2� �t� exists �24,25�. By

symmetry, this contribution depends on �qb=qb−qb� in the
same way as Eq. �B6� depends on �qa. In our case, b=b�
and �qb=0. Therefore, the final expression for the long-
range correlation is

CT�bT��b

�2� �t� =
1

g
�F2�L/La,
�t�L� + F2�L/La,L�
2�t� + �q�

2�� .

�B9�

Correlation function �B9� is long range in space �it is of
the same order for �=�� and ����� and time �it decays
only as 1 /�t in the long-time limit�. Because of the prefactor
1 /g�1, it is, however, small in magnitude, at least as long
as the amplification is weak �x=L /La�1�.

APPENDIX C: CORRELATION FUNCTION
OF T�b(t) AND Vb(t)

The correlation function of T�b�t� and Vb�t� defined by
Eq. �27� requires calculation of an average
	T�b�t��	Vb�t�+ t�. Because of Eq. �18� and definitions of
Tb�t� and Rb�t�, this average can be represented as

	T�b�t��	Vb�t� + t�

= �
��

	T�b�t��	T��b�t� + t� + �
�

	T�b�t��	R�b�t� + t�

= T̄�b�
��

T̄��bCT�bT��b
�t� + T̄�b�

�

R̄�bCT�bR�b
�t� . �C1�

Let us first consider the first sum. In the absence of amplifi-
cation �i.e., for La→��, CT�bT��b

�t� is known to have three

distinct contributions denoted as C�1�, C�2�, and C�3�

�24,25,33�. The first two of these were explicitly calculated
in Appendix B. C�1� is of order of one but it vanishes for
����. C�2� is a factor of 1 /g smaller but it is of similar
magnitude for all ��. Finally, C�3� is yet another factor of 1 /g
smaller and, similarly to C�2�, does not vanish for ����. We
assume that this hierarchy of correlation functions does not
change significantly in the presence of weak amplification
�i.e., for La finite but still La�L�, which is indeed the case
for C�1� and C�2�, as can be seen from the results of Appendix
B. Then, when the different types of correlation functions are
substituted into the first sum of Eq. �C1� and the summation

is performed, they will yield T̄�b
2 , �N /g�T̄�b

2 , and �N /g2�T̄�b
2 ,

respectively. Because in this paper we consider a situation
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when N /g�L /��1 and g�1, the contribution of C�2� will
dominate the result and the two other contributions can be
neglected.

Suppose now that amplification is strong and we are close
to the laser threshold �i.e., that �=1−L /�La�1�. The be-
havior of equal-time-correlation functions C�i� in this situa-
tion has been studied by Burkov and Zyuzin �27�: C�1�

�	���, C�2��1 /g�2, and C�3��1 /g2�4. Now C�2� will
dominate the first sum of Eq. �C1� only if ��1 /�g, other-
wise the largest contribution will come from C�3�. In the
present paper we assume that the condition ��1 /�g is ful-
filled, which also ensures that C�2� is always much smaller
than C�1�. We can therefore neglect all contributions to the
correlation function CT�bT��b

�t� in Eq. �C1� other than C�2� for

both weak and strong amplifications, excluding only a nar-
row region in the vicinity of the laser threshold which re-
quires a separate treatment and will not be considered here.
Among the two terms contributing to CT�bT��b

�2� �see Eq. �B9��,
the first one F2�L /La ,
�t�L� will give the main contribution
to the sum over �� in Eq. �C1� because it is independent of
�qa while the second term decays with �qa. We will neglect
the second term of Eq. �B9� in the summation of Eq. �C1�.

Obviously, a similar reasoning applies to the second sum
of Eq. �C1�, except that C�1� correlation is always zero.
CT�bR�b

�t� can be obtained along the same lines as CT�bT��b
�t�

in Appendix B. Inserting the first term of Eq. �B9� and a
similar result for CT�bR�b

�t� into Eq. �C1�, we obtain

CT�bVb
�t� =

1

g�−
x

2y2cotan
x

2
+

coth�y2 − x2

�y2 − x2 1 −
x2

2y2�
−

1

2 sinh2�y2 − x2
1 −
sin x

xy2 �y2 − x2��� ,

�C2�

where x=L /La and y=
�t�L. In particular, for t=0 Eq. �C2�
becomes

CT�bVb
�0� =

1

g

1

2x sin x

 x

sin x
3

2
+ cos x� −

3

2
cos x − 1� .

�C3�

APPENDIX D: AUTOCORRELATION FUNCTION OF Vb(t)

Similarly to Appendix C, we represent 	Vb�t��	Vb�t�+ t�
as

	Vb�t��	Vb�t� + t�

= �
�,��

	T�b�t��	T��b�t� + t� + �
�,��

	R�b�t��	R��b�t� + t�

+ 2�
�,�

	T�b�t��	R�b�t� + t� . �D1�

For the same reasons and under the same conditions as in
Appendix C, the main contributions to the three sums of Eq.
�D1� come from C�2� correlation functions. As compared to
Eq. �C1�, Eq. �D1� contains a new correlation function
	R�b�t��	R��b�t�+ t� which, however, can be calculated in the

same way as the two others. When divided by V̄b
2, Eq. �D1�

yields

CVbVb
�t� =

1

g

1

4xy2�y2 − x2 sin2 x

2
�

��2x�y2 + �x2 − y2�cos x�

�cotanh�y2 − x2 −
�y2 − x2

sinh2�y2 − x2
�2xy2

+ �x2 − 2y2 + x2 cosh�2�y2 − x2��sin x�� .

�D2�

For t=0 we obtain

CVbVb
�0� =

1

g

1

16xsin x sin
x

2
�2

��4x�2 + cos x� − 7 sin x − 4 sin 2x + sin 3x� .

�D3�
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