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Contents of the course
1. Introduction to localized waves

• Historical perspective
• Diffusion of waves and mean free path
• Localization in a nutshell

2. Theories of Localization
• Random Matrix theory
• Ab-initio methods
• Supersymmetric theory
• Selfconsistent theory of localization

3. Mesoscopic transport theory
• Dyson Green function
• Bethe-Salpeter equation
• Diffusion approximation
• Interference in diffusion

4.        From matter towards classical waves
• Analogies and differences
• Mesoscopic regime for different waves
• Energy velocity of classical waves
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Contents of the course
5. Enhanced backscattering as a precursor of strong localization

• Reciprocity principle
• Observation of enhanced backscattering of light and sound
• Return probability in infinite and open media

6         Speckles and correlations in wave transport 
• Gaussian statistics
• Short and long-range correlations

7 .      Random laser
– Historical perspective
– Recent experiments and link with localization

8.       Observation of Anderson localization in high dimensions
• 3D light localization
• 2D transverse localization
• Quasi 1D localization of microwaves
• 3D localization of ultrasound

- dynamics in transmission
- transverse confinement
- selfconsistent theory
- speckle distribution
- multifractal wave function
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Contents of the course
5. Anderson localization of noninteracting atoms in 3D

• Self-consistent Born approximation in speckle potential
• Phase diagram from selfconsistent theory
• Energy distribution of atoms
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J=1/2����J’=1/2
+����+

J=3����J’=4
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LaroseLarose etaletal, PRL  2004, PRL  2004

CoherentCoherent backscatteringbackscattering
withwith seismicseismic waveswaves in Auvergnein Auvergne

Background noiseBackground noise

OperatorOperator noisenoise

MesoscopicMesoscopic
signalsignal
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)()( '' BB kkkk −= −− ijji TT

Erbacher, Lenke and Maret, EPL 1993

Enhanced Backscattering in a magnetic field

),12(),21( BB kkkk −→→Ψ=→→Ψ −→−→ LL nn iiii

kijknmnm B
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iV
m εδε += 2 Faraday Faraday effecteffect
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Enhanced Backscattering in strongly scattering
samples

TIO2: kℓ=6
����kℓ

[ ])'(exp)121()121( 1'' kkrkkkk −⋅=→→Ψ=→→Ψ −→−→ iLnijji LL

( ) LCB

nnnn

++=
→Ψ+→Ψ+→Ψ+→Ψ

θ

2
)()11()1()1(

Wiersma etal 1995

Incoherent
background CBS Coherent

background

Peak/background ≠ 2

BaSO4: 
kℓ=23
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Enhanced Backscattering in strongly scattering
samples

Suppressed
long paths?

Localization looks
like absorption?

Wiersma etal,
Nature 1997
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V.cV.c How How muchmuch extra extra energyenergy returnsreturns atat to the source to the source 
by constructive by constructive interferenceinterference ??
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SomethingSomething isis wrongwrong withwith diffusion diffusion picturepicture atat large timeslarge times
EnhancedEnhanced backscatteringbackscattering isis precursorprecursor
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of quantum 
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wave volume 
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……..and in ..and in open open quasi 1D quasi 1D wavewave guide ? guide ? 

SomethingSomething isis wrongwrong withwith diffusion diffusion picturepicture for g < 1 (L > Nfor g < 1 (L > N ℓℓ))
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……..and in ..and in open open dd--dimensionaldimensional media ? media ? 

=

•• d=2 d=2 criticalcritical dimension for dimension for localizationlocalization
•• velocityvelocity cancelscancels

•• d>2: Set of points d>2: Set of points wherewhere thisthis equalsequals 11:

1≈lk

A A criticalcritical point in d>2 point in d>2 nearnear kkℓℓ=1 =1 withwith scalescale dependentdependent diffusion?diffusion?
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Thouless, Edwards, 1972

return return probaproba = 1             = 1             levellevel widthwidth = = levellevel spacingspacing g=1g=1

Onset of Anderson localization
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Scaling theory of localization

« Gang of four », 1980

Weakly localized
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•• conclusion: conclusion: nearnear g=1 constructive g=1 constructive 
interferencesinterferencesdominatedominate wavewavetransporttransport

V. Enhanced Backscattering as a precursor V. Enhanced Backscattering as a precursor 
of localizationof localization
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VI. VI. SpecklesSpecklesand and correlationscorrelations
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VI.a Gaussian Statistics of 
complex field
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Multiple Multiple scatteringscattering �������� GaussianGaussianstatisticsstatistics
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SpecklesSpeckles of Microof Micro --waveswaves in Quasi 1D mediain Quasi 1D media
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GenackGenack etaletal , 1990, 1990
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Phase statistics in diffuse regime

Diffusion approximation ���� Q=2/5

L2/6D Thouless time
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GenackGenack etaletal , 1998, 1998
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g=100, D= 4 g=100, D= 4 umum

Observation of C2 and C3 in Observation of C2 and C3 in dynamicdynamic colloidscolloids (DWS)(DWS)

Maret, Scheffold, 1998
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DSaa ,
22

' cos θδ ∆→

D=8 cm2/ns

Observation of C2 and C3 in Observation of C2 and C3 in microwavemicrowave polarizationpolarization

( ) ( ) 3
22

2
22

3 coscoscoscos1),( AAAC DSDSDS +∆+∆+∆∆+=∆∆ θθθθθθ

Chabanov etal, 2003)
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VI.cVI.c Fluctuations of transmission and Fluctuations of transmission and transmittancetransmittance
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G=10

DMPK DMPK equationequation for Q1Dfor Q1D

««in a in a fixedfixed speckle speckle patterenpatteren (T(Taa fixedfixed ), the ), the fieldfield
Is Is GaussianGaussian distributeddistributed »»

1/g1/g

g≈1

GHz frequencies, Genack, 2000
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Fluctuations of transmission and Fluctuations of transmission and transmittancetransmittance
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conclusionconclusion : : nearnear g=1, fluctuations in transmission areg=1, fluctuations in transmission are
are are strongstrong and non and non GaussianGaussian

VI. VI. SpecklesSpecklesand and correlationscorrelations
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VII. Random LaserVII. Random Laser
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Laser Laser thresholdthreshold ??

AmplifiedAmplified
StimulatedStimulated emissionemission

NarrowNarrow laser laser spikesspikes ??
(1.15 nm)(1.15 nm)

HydratedHydrated NeodyniumNeodynium
ChlorideChloride powderpowder

50
ps6

ps300
ps6

0

2

===⇒≈
∆

=
c

c

T
N

c τλ
λτ



HKUST april 2010 32

)()(
),(

),(),(
gain

2
St tS

t
tDt rr

r
rr −=−∇−∂ δδ

τ
ρρρ

gain
2

1

τ
<

L

D
L

LeakLeak rate > rate > LevelLevel spacingspacing

)(

1
32 ωρLL

D >
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Letokhov, 1968
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PumpPump lightlight

Probe lightProbe light

AmplifiedAmplified stimulatedstimulated
emissionemission

LasingLasing
levellevel populationpopulation
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Basic questionsBasic questions

•• Is Is thisthis «« randomrandom laserlaser »» reallyreally a lasera laser
(or (or justjust stimulatedstimulated emissionemission amplifiedamplified by by scatteringscattering ASE)?ASE)?

•• WhatWhat happenshappens beyondbeyond diffuse diffuse thresholdthreshold ??
•• Is Is itit possible to use one single mode to possible to use one single mode to laselase ??

•• How How doesdoes the the randomrandom cavitycavity look look likelike ? ? LocalizedLocalized , , extendedextended ??

WhatWhat isis a laser a laser anywayanyway , and , and whatwhat makesmakes a laser a laser «« randomrandom »»??
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rhodamine 640 rhodamine 640 dyedye solutions solutions withwith ZnOZnO nanoparticlesnanoparticles

n = 1 10n = 1 101212 /cm/cm 33
n = 3 10n = 3 101111 /cm/cm 33

IncreasingIncreasing pumppump

IncoherentIncoherent
LasingLasing or ASE?or ASE?

CoherentCoherent
lasinglasing ??

((localizedlocalized
state as state as 

randomrandom cavitycavity ))

Cao, 1990Cao, 1990

kkℓ≈ℓ≈1.51.5

kkℓ≈ℓ≈55



HKUST april 2010 36

IIpumppump =1.0 =1.0 IIthresholdthreshold IIpumppump =1.5 =1.5 IIthresholdthreshold

IIpumppump =3.0 =3.0 IIthresholdthreshold IIpumppump =5.6 =5.6 IIthresholdthreshold

Single mode Single mode 
coherentcoherent radiationradiation

Single mode Single mode 
chaoticchaotic radiationradiation

kkℓ≈ℓ≈1.51.5

Photon Photon statisticsstatistics

Cao, 1990Cao, 1990
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ℓℓ//λλ

thresholdthreshold
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Nature of Nature of lasinglasing modesmodes

Van der Van der MolenMolen , , LagendijkLagendijk , 2007, 2007

PumpingPumping beambeam atat differentdifferent spot:spot:
Spatial Spatial extentextent of 2 of 2 µµm: m: 

local modes not local modes not extendedextended ??

LevelLevel repusionrepusion betweenbetween
laseringlasering modes. modes. 

Not Not localizedlocalized afterafter all?all?

kkℓℓ=6.4=6.4
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No gainNo gain

Nature of Nature of lasinglasing modesmodes

SebbahSebbah , , VannesteVanneste , 2002, 2002

pumppump

LocalizedLocalized states states actact as as inertinert lasinglasing cavitiescavities
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VIII. Observation & VIII. Observation & ModellingModelling of Anderson of Anderson 
LocalizationLocalization in in highhigh dimensionsdimensions
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WiersmaWiersma, , LagendijkLagendijk , Nature 1997, Nature 1997

PhotonicPhotonic
conductorconductor

PhotonicPhotonic
insulatorinsulator ??

oror
PhotonicPhotonic
Absorber?Absorber?

VIII.aVIII.a 3D 3D LocalizationLocalization of Lightof Light

GaAsGaAs powderpowder

D=D=ℓℓ22/L ?/L ?

5.1=lk



HKUST april 2010 42

VIII.aVIII.a 3D 3D LocalizationLocalization of Lightof Light

76=lk

5.1=lk
EnhancedEnhanced backscatteringbackscattering

in in localizedlocalized regimeregime ??

WiersmaWiersma, , LagendijkLagendijk , Nature 1997, Nature 1997
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Akkermans, Maynard

Van Van TiggelenTiggelen etaletal , 2000, 2000
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LocalizedLocalized ? : ? : 
kkℓℓ < 4,2< 4,2

D(t) D(t) ~1/t~1/t1/31/3

MobilityMobility edgeedge : : 
kkℓℓ ≈≈ 4,24,2

D(t) D(t) ~1/t~1/t

Maret Maret etaletal , EPL 2006, EPL 2006
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VIII.aVIII.a 3D 3D LocalizationLocalization of Lightof Light
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disorder

WidthWidth ((µµm)m)

Inverse Inverse 
participation participation 

ratioratio

VIII.bVIII.b 2D Transverse localisation of light2D Transverse localisation of light

Schwartz, Segev, etal
Nature 2007
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VIII.bVIII.b 2D Transverse localisation of light2D Transverse localisation of light

De Raedt, De Raedt, LagendijkLagendijk and De and De VriesVries 1988, 1988, 
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�������� WaveWave packetpacket transverslytransversly localizedlocalized

Paraxial
approximation
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VIII.bVIII.b 2D Transverse localisation of light2D Transverse localisation of light
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VIII.cVIII.c Quasi 1D localisation of Quasi 1D localisation of microwavesmicrowaves

D(t)=D(t)=--d/d/dtdt logTlogT(t)(t)

=9,7,4

Leakage rate
distribution

Data: A.Z. Data: A.Z. GenackGenack (2004); (2004); theorytheory: : SkipetrovSkipetrov and van and van TiggelenTiggelen
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VIII.cVIII.c Quasi 1D localisation of Quasi 1D localisation of microwavesmicrowaves
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f (GHz)

L

Fluctuation in Fluctuation in 
total transmissiontotal transmission

Fluctuations in Fluctuations in 
channelchannel transmissiontransmission

g=1g=1

A.Z. A.Z. GenackGenack (2004)(2004)
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diffusediffuse localizedlocalized

VIII.cVIII.c Quasi 1D localisation of Quasi 1D localisation of microwavesmicrowaves










dr

d
P

φ

phasephase

Data: A.Z. Data: A.Z. GenackGenack (2004); (2004); 
TheoryTheory: Van : Van TiggelenTiggelen
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VIII.dVIII.d 3D localisation  of 3D localisation  of ultrasoundultrasound

10 mm

8 – 23 mm

Page , Page , SkipetrovSkipetrov , Van , Van TiggelenTiggelen ,  Nature ,  Nature PhysicsPhysics 20082008

Diffuse Diffuse λλpp=9 mm, =9 mm, ℓℓ=2 mm =2 mm LocalizedLocalized λλpp=2 mm, =2 mm, ℓℓ=0.6 mm=0.6 mm
kkpℓℓ=1.4=1.4 kkpℓℓ=1.9=1.9

bvt3
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bvt3 bart van tiggelen; 09/01/2008
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TimeTime --dependentdependent transmission of transmission of ultrasoundultrasound

D(t) ?

)()(),()(),( 2 tSttDtt δρρ rrr =∇−∂−

T(t)

)(tδ

L=15 mm
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Diffuse: <Diffuse: < ρρ22> = 4Dt> = 4Dt
transition: <transition: < ρρ22>~ L>~ L22, not t, not t 2/32/3

LocalizedLocalized : <: <ρρ22>~ L>~ Lξξ

ρ

L=15 mm

transverse confinement of transverse confinement of ultrasoundultrasound
bvt4
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bvt4 bart van tiggelen; 09/01/2008
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Dynamics of Dynamics of LocalizationLocalization in in finitefinite open mediaopen media

SkipetrovSkipetrov & Van Tiggelen, PRL 2004,2006& Van Tiggelen, PRL 2004,2006
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3D Transverse localisation  of 3D Transverse localisation  of ultrasoundultrasound

Time (ms)

ρ = 15 mm
ρ = 20 mm
ρ = 25 mm
ρ = 30 mm4 D0t

kkℓℓ ≈≈ 1,821,82
vvEE=17,4 km/s=3.5 =17,4 km/s=3.5 vvpp

ξξ= 16,3 mm= 16,3 mm

Transverse
size
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Time (ms)

kℓ ≈ 1,82
vE=17,4 km/s

=3.5 vp
ξ= 16,3 mm

Transverse

Size ),( tw ρ
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3D Transverse confinement  of 3D Transverse confinement  of ultrasoundultrasound
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Near field
Ultrasound
energy

Transverse position

transverse confinement of transverse confinement of ultrasoundultrasound
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Speckle distribution of transmissionSpeckle distribution of transmission

Rayleigh

RMT
g=0.8 +/- 0.02



HKUST april 2010 59

MultifractalityMultifractality of of wavewave functionfunction

extended critical localized

multifractal
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MultifractalityMultifractality of of wavewave functionfunction
F. F. EversEvers and A. D. and A. D. MirlinMirlin , , RevRev. . ModMod . Phys. 80, 1355  (2008).. Phys. 80, 1355  (2008).

Lb
Id

Id
I

d

L

d

b
b

d

d <<<<=
∫
∫ λ

)(

)(

rr

rr









−








∝
bL

I
f

b

b

b

L
IP

/log

log

)(log( )
)()1( qqd

b

q
bq b

L
IP

∆+−−








==∑

2)(
4

1
)()1()( γα

γ
αγ −−−=⇔−=∆ dfqqq

Anomalous gIPR Lognormal PDF

Generalized Inverse Participation Ratio Probability Distribution Function

Box
counting

x

y



HKUST april 2010 61

MultifractalityMultifractality of of wavewave functionfunction
FaezFaez, Page, , Page, LagendijkLagendijk and Van and Van TiggelenTiggelen (PRL 2010)(PRL 2010)

3D diffuse 
elastic

speckle
on 2D surface

3D localized
elastic
speckle

on 2D surface
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MultifractalityMultifractality of of wavewave functionfunction
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VII.dVII.d Observation of 3D Observation of 3D ultrasoundultrasound LocalizationLocalization

Transverse confinement: D(r)!Transverse confinement: D(r)!

AnomalousAnomalous dynamicdynamic transmissiontransmission

GiantGiant nonnon --poissonianpoissonian fluctuations g < 1fluctuations g < 1

MultifractalMultifractal wavewave functionfunction

1/t1/t2 2 reflectionreflection (in (in progressprogress ))

CriticalCritical exponentexponent

CriticalCritical LDOS fluctuations (in LDOS fluctuations (in progressprogress ))
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tt--3/23/2

tt--22

time/(time/(ζζ2 /2 /DDBB))

R(t)R(t)

3D, 3D, localizedlocalizedhalfhalf spacespace : k: k ℓℓ=0.7=0.7

zz

1D 1D seismologyseismology: Sheng : Sheng PapanicolaouPapanicolaou, 1987, 1987
Q1D (DMKP) Q1D (DMKP) TitovTitov , , BeenakkerBeenakker, 2000, 2000
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PreliminaryPreliminary observation of observation of infiniteinfinite range range correlationscorrelations
(fluctuations of LDOS)(fluctuations of LDOS)

Hildebrand, Page, Hildebrand, Page, SkipetrovSkipetrov , Van , Van TiggelenTiggelen

∆ρ
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Diffuse CDiffuse C22
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IX. Anderson IX. Anderson localizationlocalization of of noninteractingnoninteracting cold cold atomsatoms
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IX.aIX.a Q1D BEC in Q1D BEC in randomrandom potentialpotential

Palaiseau group, Firenze groupPalaiseau group, Firenze group
PRL PRL octoct 20052005

Time Time afterafter traptrap extinctionextinction

expansionexpansion

1<
µ

δ V

n(x,t)
V(x)
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Lugan etal 2009

)exp()( LLT γ−=

LuganLugan etaletal 20092009

localizationlocalization in 1D speckle in 1D speckle potentialpotential

+= RzV σ)(
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ExperimentalExperimental verificationverification of of localizedlocalized kickedkicked
cold cold atomsatoms in 3Din 3D

PRL, 2008
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kℓ ~1

Diffusive regime 
Localization
with ξ > ℓ

Localization
with ξ < ℓ

LocalizationLocalization of of noninteractingnoninteracting cold cold atomsatoms in 3D white noisein 3D white noise
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SkipetrovSkipetrov , , MinguzziMinguzzi , , BAvTBAvT , Shapiro PRL, 2008, Shapiro PRL, 2008
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AverageAverage densitydensity profile  of profile  of atomsatoms atat large timeslarge times
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DensityDensity profile  of profile  of atomsatoms atat large timeslarge times
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Selfconsistent theory (ν=s=1)

SkipetrovSkipetrov , , MinguzziMinguzzi , , BAvTBAvT , Shapiro PRL, 2008, Shapiro PRL, 2008



HKUST april 2010 74

Cold Cold atomsatoms in a 3D speckle in a 3D speckle potentialpotential
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Yedjour, BavT,  2010
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Selfconsistent theory of localization
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0

2
ζEU =

D/DB
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Kuhn, Miniatura, etal
FBA (2007):

kℓ=0.95 (1-<cos ϑ>)

U

Is 3D cold atoms are delocalized below « sea - level »
but above percolation threshold

lk←

kℓ=1.12
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V(r)

r

Cold atoms in 3D speckle

MobilityMobility
edgeedge

« metal »

«insulator»

Sea level

Percolation
threshold
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Energy
distribution

2

3

3

)(),(
)2(

)(

kkEA
d

EN

µ

µ

φ
π
k

∫

=

)(

)(

0
ENdE

f
cE

loc

µ

µ

∫

=

Fraction of localized
atoms

*

* 45 % in white noise (Skipetrov etal 2008)

U=Eξ2



HKUST april 2010 81

Anderson Localization is still a 
major theme in condensed matter physics,
full of surprises

New experiments (in high dimensions and 
with « new » waves) exist and are underway.

Thank you for your attention

••B.A. van B.A. van TiggelenTiggelen , Les Houches 1998, Les Houches 1998
••LagendijkLagendijk , Van , Van TiggelenTiggelen , , WiersmanWiersman / Aspect, / Aspect, InguscioInguscio PhysicsPhysics TodayToday , , 

augustaugust 2009 2009 

••C. MC. Müüller, D. ller, D. DelandeDelande , Les Houches 2010  , Les Houches 2010  http://arxiv.org/abs/1005.0915http://arxiv.org/abs/1005.0915
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L. Brillouin, 1960

All waves
behave in a 
similar way

MesoscopicMesoscopicphysicsphysicsfor for absoluteabsolutebeginnersbeginners: : 


